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Abstract
In this paper we discuss the physics of interacting tensor fields and
particles living in a de Sitter manifold M = S0(1, 4)/S0(1, 3) ≃ R × S3
interpreted as a submanifold of (M˚ = R5, g˚), with g˚ a metric of signature
(1, 4). The pair (M, g) where g is the pullback metric of g˚ (g = i∗g˚)
is a Lorentzian manifold that is oriented by τg and time oriented by ↑.
It is the structure (M, g,τg , ↑) that is primely used to study the energy-
momentum conservation law for a system of physical fields (and particles)
living in M and to get the equations of motion of the fields and also the
equations of motion describing the behavior of free particles. To achieve
our objectives we construct two different de Sitter spacetime structures
MdSL = (M, g,D, τg, ↑) and M
dSTP = (M, g,∇, τg, ↑), where D is the
2
Levi-Civita connection of g and ∇ is a metric compatible parallel connec-
tion. Both connections are introduced in our study only as mathematical
devices, no special physical meaning is attributed to these objects. In
particular MdSL is not supposed to be the model of any gravitational
field in the General Relativity Theory (GRT). Our approach permit to
clarify some misconceptions appearing in the literature, in particular one
claiming that free particles in the de Sitter structure (M, g) do not follows
timelike geodesics. The paper makes use of the Clifford and spin-Clifford
bundles formalism recalled in one of the appendices, something needed
for a thoughtful presentation of the concept of a Komar current JA (in
GRT) associated to any vector field A generating a one parameter group
of diffeomorphisms. The explicit formula for JA in terms of the energy-
momentum tensor of the fields and its physical meaning is given. Besides
that we show how F = dA (A = g(A, ) satisfy a Maxwell like equation
∂F = JA which encodes the contents of Einstein equation. Our results
shows that inGRT there are infinitely many conserved currents, indepen-
dently of the fact that the Lorentzian spacetime (representing a gravita-
tional field) possess or not Killing vector fields. Moreover our results also
show that even when the appropriate timelike and spacelike Killing vec-
tor fields exist it is not possible to define a conserved energy-momentum
covector (not covector field) as in Special Relativistic Theories.
1 Introduction
In this paper we study some aspects of Physics of fields living and interact-
ing in a manifold M = SO(1, 4)/SO(1, 3) ≃ R3 × S3. We introduce two dif-
ferent geometrical spacetime structures that we can form starting from the
manifold M which is supposed to be a vector manifold, i.e., a submanifold
of (M˚, g˚) with M˚ = R5 and g˚ a metric of signature (1, 4). If i : M → M˚
is the inclusion map the structures that will be studied are the Lorentzian de
Sitter spacetime MdSL = (M, g,D, τg, ↑) and teleparallel de Sitter spacetime
MdSTP = (M, g,∇, τg , ↑) where g = i∗g˚, D is the Levi-Civita connection of
g and ∇ is a metric compatible teleparallel connection (see Section 4.1). Our
main objective is the following: taking (M, g) as the arena where physical fields
live and interact how do we formulate conservation laws of energy-momentum
and angular momentum for the system of physical fields. In order to give a
meaningful meaning to this question we recall the fact that in Lorentzian space-
time structures that are models of gravitational fields in the GRT there are
no genuine conservation laws of energy-momentum (and also angular momen-
tum) for a closed system of fields and moreover there are no genuine energy-
momentum and angular momentum conservation laws for the system consisting
of non gravitational plus the gravitational field. We discuss in Section 2.1 a
pure mathematical result, namely when there exists some conserved currents JV
∈ secT ∗M in a Lorentzian spacetime associated to a tensor fieldW ∈ secT 11M
and a vector field V ∈ secTM . In Section 2.2 we briefly recall how a conserved
energy-momentum tensor for the matter fields is constructed in Special Relativ-
ity theories and how in that theory it is possible to construct a conserved energy-
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momentum covector1 f or the matter fields. After that we recall that in GRT
we have a covariantly “conserved” energy-momentum tensor T ∈ secT 11M (i.e.,
D • T = 0) and so, using the results of Section 2.1 we can immediately construct
conserved currents when the Lorentzian spacetime modelling the gravitational
field generated by T possess Killing vector fields. However, we show that is not
possible in general in GRT even when some special conserved currents exist
(associated to one timelike and three spacelike Killing vector fields) to build a
conserved covector for the system of fields, as it is the case in special relativistic
theories. Immediately after showing that we ask the question:
Is it necessary to have Killing vector fields in a Lorentzian spacetime mod-
elling a given gravitational field in order to be possible to construct conserved
currents?
Well, we show that the answer is no. In GRT there are an infinite number
of conserved currents. This is showed in Section 2.42 were we introduce the
so called Komar currents in a Lorentzian spacetime modelling a gravitational
field generated by a given (symmetric) energy momentum tensor T and show
how any diffeomorphism associated to a one parameter group generated by a
vector field A lead to a conserved current. We show moreover using the Clifford
bundle formalism recalled in Appendix A that F = dA ∈ sec
∧2
T ∗M where
A = g(A, ) ∈ sec∧1T ∗M satisfy, (with ∂ denoting the Dirac operator acting
on sections of the Clifford bundle of differential forms) a Maxwell like equation
∂F = JA (equivalent to dF = 0 and δ
g
F = −JA). The explicit form of JA
as a function of the energy-momentum tensor is derived (see Eq.(48)) together
with its scalar invariant. We establish that3 ∂F = JA encode the contents of
Einstein equation. We show moreover that even if we can get four conserved
currents given one time like and three spacelike vector fields and thus get four
scalar invariants these objects cannot be associated to the components of a
momentum covector4 for the system of fields producing the energy-momentum
tensor T . We also give the form of JA when A is a Killing vector field and
emphasize that even if the Lorentzian spacetime under consideration has one
time like and three spacelike Killing vector fields we cannot find a conserved
momentum covector for the system of fields.
This paper has several appendices necessary for a perfect intelligibility of
the results in the main text. Thus it is opportune to describe what is there
and where their contents are used in the main text5. To start, in Appendix A
we briefly recall the main results of the Clifford bundle formalism used in this
paper which permits one to understand how to arrive at the equation ∂F = JA
1The energy-momentum covector is an element of a vector space and is not a covector
field.
2This section is an improvement of results first presented in [36].
3The symbol ∂ denotes the the Dirac operator acting on sections of the Clifford bundle
Cℓ(M, g). See Appendix A.
4Not a covector field.
5Some of the material of the Appendices is well known, but we think that despite this fact
theri presentation here will be useful for most of our readers.
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in Section 2.2.6. Lie derivatives and variations of tensor fields is discussed in
Appendix B. In Section C1 we derive from the Lagrangian formalism conserved
currents for fields living in a general Lorentzian spacetime structure and the
corresponding generalized covariant energy-momentum “conservation” law. We
compare these results in Section C2 with the analogues ones for field theo-
ries in special relativistic theories where the Lorentzian spacetime structure is
Minkowski spacetime. We show that despite the fact that we can derive con-
served quantities for fields living and interacting in M ℓDS we cannot define in
this structure a genuine energy-momentum conserved covector for the system of
fields as it is the case in Minkowski spacetime. A legitimate energy-momentum
covector for the system of fields living in (M = SO(1, 4)/SO(1, 3), g) exist only
in the teleparallel structure MdSTP . This is discussed in Section 5.2 after re-
calling the Lie algebra and the Casimir invariants of the Lie algebra of de Sitter
group in Section 5.1. In Appendix E we derive for completeness and to insert
the Remark 32 the so called covariant energy-momentum conservation law in
GRT. Appendix D recalls the intrinsic definition of relative tensors and their
covariant derivatives. Appendix E present proofs of some identities used in the
main text.
As we already said the main objective of this paper is to discuss the Physics
of interacting fields in de Sitter spacetime structures MdSL and MdSTP . In
particular we want also to clarify some misunderstandings concerning the roles
of geodesics in the MdSℓ. So, in section 3 we briefly recall the conformal rep-
resentation of the de Sitter spacetime structure MdSL and prove that the one
timelike and the three spacelike “translation” Killing vector fields of (M, g) de-
fines a basis for almost all M . With this result we show in Section 4 that the
method using in [32] to obtain the curves which extremizes the length function
of timelike curves in de Sitter spacetime with the result that these curves are
not geodesics is equivocated, since those authors use constrained variations in-
stead of arbitrary variations of the length function. Even more, the equation
obtained from the constrained variation in [32] is according to our view wrongly
interpreted in its mathematical (and physical) contents. Indeed, using some
of the results of Section 5.2 and the results of Section 6 which briefly recall
Papapetrou’s classical results [29] deriving the equation of motion of a probe
single-pole particle in GRT, we show in Section 7 that contrary to the authors
statement in [32] it is not true that the equation of motion of a single-pole
obtained from a method similar to Papapetrou’s one in [29] but using the gen-
eralized energy-momentum tensor of matter fields in MdSL gives an equation of
motion different from the geodesic equation in MdSL and in agreement with the
one they derived from his constrained variation method. Indeed, we prove that
6The Clifford bundle formalism permits the representation of a covariant Dirac spinor field
as certain equivalence classes of even sections of the Clifford bundle, called Dirac-Hestenes
spinor field (DHSF). These objects are a key ingredient to clarify the concept of Lie derivative
of spinor fields of and give meaningful definition for such an object , something necessary to
study conservation laws in Lorentzian spacetime structures when spinor fields are present.
Our approach to the subject is descrbed in [20] and athoughtful derivation of Dirac equation
in de Sitter structure (M,g) using DHSFs is given in [39].
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from the equation describing the motion of a single-pole the geodesic equation
follows automatically. Finally, in Section 8 we present our conclusions.
2 Preliminaries
Let (M, g, D, τg, ↑) be a general Lorentzian spacetime. Let U ⊆ M be an open
set covered by coordinates {xµ}. Let {eµ = ∂µ} be a basis of TU and {ϑµ =
dxµ} the basis of T ∗U dual to the basis {∂µ}, i.e., ϑµ(∂ν) = δµν . We denote
by g a metric of the cotangent bundle such that if g = gµνϑ
µ ⊗ ϑν then g =
gµν∂µ⊗ ∂ν with gµρgρν = δµν . We introduce also {∂µ} and {ϑµ} respectively as
the reciprocal bases of {eµ} and {ϑµ}, i.e., we have
g(∂ν , ∂
µ) = δµν , g(ϑ
µ,ϑν) = δ
µ
ν (1)
Next we introduce in TU the tetrad basis {eα = hµα∂µ} and in T ∗U the
cotetrad basis {γα = hαµγµ} which are dual basis. We introduce moreover the
basis {eα} and {γα} as the reciprocal bases of {eα} and {γα} satisfying
g(eα, e
β) = δβα, g(γ
β ,γα) = δ
β
α. (2)
Moreover recall that it is
g = ηαβγ
α ⊗ γβ = ηαβγα ⊗ γβ ,
g = ηαβeα ⊗ eβ = ηαβeα ⊗ eβ . (3)
2.1 The Currents JV and JK
Let W = Wαβeα ⊗ eβ ∈ secT 02M with Wαβ = W βα and Wˇ = Wαβγα ⊗
γβ ∈ secT 20M , Wαβ = ηαςηβτW ςτ and W = Wαβ γβ ⊗ eα ∈ secT 11M . For the
applications we have in mind we will say that W,Wˇ and W are physically
equivalent.
Note that W (an example of an extensor field7) is such that
W : sec
∧1
T ∗M → sec
∧1
T ∗M,
W (V ) = VαW
α
β γ
β. (4)
Define the divergence of W as the 1-form field
D •W := (DαWαβ )γβ (5)
where
DαW
α
β := (DeαW )
α
β = eα(W
α
β ) + Γ
α
αιW
ι
β − ΓιαβWαι . (6)
Moreover, introduce the 1-form fields
Wβ :=Wαβγα ∈ sec
∧1
T ∗M. (7)
7See Chapter 4 of [34].
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Remark 1 Take notice for the developments that follows that the Hodge coderiva-
tive of the 1-form fields Wβis (see Appendix ):
δ
g
Wβ = −γκyDeκ(Wαβγα)
= −eκ(Wαβ)γκyγα −WαβΓικαγκyγι
= −eα(Wαβ)−WαβΓκκα.
So, D •W = 0 does not implies that δ
g
Wβ = 0.
Now, given a vector field V = V αeα and the physically equivalent covector
field V = V αγα define the current
JV = V αWα ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) (8)
Of course, writing
JV = Jβγβ (9)
we have·
Jβ = V αWαβ . (10)
Recalling (see Appendix A) that ⋆1 = τg define
T =Wαβ ⋆
g
1 =Wαβτg ∈ sec
∧4
T ∗M →֒ Cℓ(M, g). (11)
Then, we have, with ∂ denoting the Dirac operator,
d ⋆
g
JV = ∂ ∧ ⋆
g
J V = γα ∧ (Deα ⋆
g
JV )
= Deα(γ
α ∧ ⋆
g
JV )−Deαγα ∧ ⋆
g
JV . (12)
Taking into account that γα ∧ ⋆
g
JV = ⋆
g
(γαyJV ) and Deαγα ∧ ⋆
g
JV =
⋆
g
(Deαγ
αyJV ) we can write Eq.(12) as
d ⋆
g
JV =
(
eα(V
κ)Wακ + V
κeα(W
α
κ ) + Γ
α··
·αβV
κW βκ
)
τg (13)
Also, we can easily verifiy from Eq.(5) that
⋆
g
[(D •W )(V)] = [(D •W )(V)]τg
= (V κeα(W
α
κ ) + Γ
α··
·αιW
ι
κV
κ − Γι···ακWαι V κ) τg. (14)
Now, let £ be the (standard) Lie derivative operator. Let us evaluate the
produuct of £Vg (eα, eβ) by T, i.e.,
(£Vg (eα, eβ)) T ∈ sec
∧4
T ∗M. (15)
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From Cartan magical formula we get
£Vγ
α = d(V α) + V y(∂ ∧ γα)
= eι(V
α)γι − V ςΓα···ςιγι + V ςΓα···ις γι. (16)
Then,
[£Vg (eα, eβ)] T = [(ηικ£Vγ
ι ⊗ γκ + ηικγι ⊗£Vγκ) (eα, eβ)]T
= [2eκ(Vι)W
κι + 2V ςΓκ···ιςW
ι
κ]T (17)
and we get from Eqs.(13), (14) and (17) the important identity [5]
(£Vg (eα, eβ)) T = 2d ⋆ JV − 2 ⋆
g
[(D •W )(V)]. (18)
From Eq.(18) we see that ifV is a conformal Killing vector field, i.e., £Vg (eα, eβ) =
2ληαβ we have
⋆
g
λtrW = d ⋆
g
JV − ⋆[(D •W )(V)] (19)
where trW is the trace of the matrix with entries Wαβ .
2.2 Conserved Currents Associated to a Covariantly Con-
served W
Definition 2 We say that W is “ covariantly conserved” if
D •W = 0 (20)
In this case, if V = K is a Killing vector field then £Kg = 0 and we have
d ⋆
g
JK = ⋆
g
[(D •W )(K)] (21)
and the current 3-form field ⋆
g
JK is closed, i.e., d ⋆
g
JK = 0, or equivalently
(taking into account the definition of the Hodge coderivative operator δ
g
)
δ
g
JK = 0. (22)
In resume, when we have Killing vector fields8 Ki, i = 1, 2, ..., n “covariant
conservation” of the tensor field W , i.e., D •W = 0 implies in genuine con-
servation laws for the currents JKi , i.e., from δ
g
JKI = 0 we can using Stokes
theorem build the scalar conserved quantities
E(Ki) := 1
8π
∫
Σ′
⋆
g
JKi (23)
where N is the region where JK has support and ∂N = Σ+Σ′+Ξ where Σ,Σ′
are spacelike surfaces and JKi is null at Ξ (spatial infinity).
8The maximum number is 10 when dimM = 4 and that maximum number occurs only for
spacetimes of constant curvature.
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2.3 Conserved Currents in GRTAssociated to Killing Vec-
tor Fields
Before studying the conditions for the existence or not of genuine energy-
momentum conservation laws in GRT, let us recall from Appendix C.3.4 that
in Minkowski spacetime9 (M ≃ R4,η,D, τη , ↑) we can introduce global coor-
dinates {xµ} (in Einstein-Lorentz-Poincare´ gauge) such that η(eµ, eν) = ηµν ,
and Deµeν = 0, where the {eµ = ∂/∂xµ} is simultaneously a global tetrad and
a coordinate basis. Also the {ϑµ = dxµ} is a global cotetrad and a coordinate
cobasis.
Moreover, the eµ = ∂/∂x
µ are also Killing vector fields in (M ≃ R4,η) and
thus we have for a closed physical system (consisting of particles and fields in
interaction living in Minkowski spacetime and whose equations of motion are
derived from a variational principle with a Lagrangian density invariant under
spacetime translations) that the currents10
Tα := J∂/∂xα = Tανϑν ∈ sec
∧1
TM →֒ Cℓ(M, η), M ≃ R4 (24)
are the conserved energy-momentum 1-form fields of the physical system under
consideration, for which we know that the quantity (recall Eq.(238))
P = Pα ϑ
α|o = PαEα, (25)
with
Pα =
∫
⋆
g
Tα (26)
are the components of the conserved energy-momentum covector (CEMC) P
of the system.
2.3.1 Limited Possibility to Construct a CEMC in GRT
Now, recall that inGRT a gravitational field generated by an energy-momentum
T is modelled by a Lorentzian spacetime11 (M, g,D, τg, ↑) where the relation
between g and T is given by Einstein equation which using the orthonormal
bases {eα} and {γα} introduced above reads
Gαβ = R
α
β −
1
2
δαβR = −Tαβ . (27)
Moreover, defining G = Gαβγ
β ⊗ eα and recalling that T = Tαβ γβ ⊗ eα it is
D •G = 0, D • T = 0 (28)
9See [34] for the remaning of the notation.
10Keep in mind that in Eq.(24) the Tαν are the ν-component of the current Tα = J∂/∂xα
and moreover are here taken as symmetric. See Appendix C.3.3.
11In fact, by an equivalence classes of pentuples (M, g,D, τg , ↑) modulo diffeomorphisms.
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Based only on the contents of Section 2.1, given that D • T = 0, it may
seems at first sigh12 that the only possibility to construct conserved energy-
momentum currents Tα in GRT are for models of the theory where appropriate
Killing vector fields (such that one is timelike and the other three spacelike)
exist. However, an arbitrarily given Lorentzian manifold (M, g, D) in general
does not have such Killing vector fields.
Remark 3 Moreover, even if it is the case that if a particular model (M, g, D)
of GRT there exist one timelike and three spacelike Killing vector fields we can
construct the scalar invariants quantities Pα, α = 0, 1, 2, 3 given by Eq.(26)
we cannot define an energy-momentum covector P analogous to the one given
by Eq.(25) This is so because in this case to have a conserved covector like P
it is necessary to select a γα at a fixed point of the manifold. But in general
there is no physically meaningful way to do that, except if M is asymptoti-
cally flat13 in which case we can choose a chart such that at spatial infinity
lim|~x|→∞ γα(x0, ~x) = ϑα = dxα and lim|~x|→γ gµν = ηµν
Thus, paroding Sachs and Wu [43] we must say that non existence of genuine
conservation laws for energy-momentum (and also angular momentum) inGRT
is a shame.
Remark 4 Despite what has been said above and the results of Section 2.1
we next show that there exists trivially an infinity of conserved currents (the
Komar currents) in any Lorentzian spacetime modelling a gravitational field in
GRT. We discuss the meaning and disclose the form of these currents, a result
possible due to a notable decomposition of the square of the Dirac operator acting
on sections of the Clifford bundle Cℓ(M, g).
Remark 5 We end this subsection recallng that in order to produce genuine
conservation laws in a field theory of gravitation with the gravitational field
equations equivalent (in a precise sense) to Einstein equation it is necessary to
formulate the theory in a parallelizable manifold and to dispense the Lorentzian
spacetime structure of GRT. Details of such a theory may be found in [37].
2.4 Komar Currents. Its Mathematical and Physical Mean-
ing
Let A ∈ secTM be the generator of a one parameter group of diffeomorphisms
of M in the spacetime structure 〈M, g,D, τg, ↑〉 which is a model of a gravi-
tational field generated by T ∈ secT 11M (the matter fields energy-momentum
momentum tensor) in GRT. It is quite obvious that if we define F = dA, where
A = g(A, ) ∈ sec∧1T ∗M →֒ Cℓ(M, g), then the current
JA = −δ
g
F (29)
12See however Section 2.4 to learn that this naive expectation is incorrect.
13The concept of asymptotically flat Lorentzian manifold can be rigorously formulated with-
out the use of coordinates, as e.g., in [48]. However we will not need to enter in details here.
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is conserved, i.e.,
δ
g
JA = 0. (30)
Surprisingly such a trivial mathematical result seems to be very important by
people working in GRT who call JA the Komar current
14 [18]. Komar called15
E =
∫
V
⋆
g
JA =
∫
∂V
⋆
g
F (31)
the generalized energy.
To understand why JA is considered important in GRT write the action for
the gravitational plus matter and non gravitational fields as
A =∫Lg + ∫Lm = −1
2
∫
Rτ g +
∫Lm. (32)
Now, the equations of motion for g can be obtained considering its variation
under an (infinitesimal) diffeormorphism h :M →M generated by A. We have
that g 7→ g′ = h∗g = g + δ0g where16 the variation δ0g = −£Ag. Taking
into account Cartan’s magical formula (£AM = Ay
g
dM + d(Ay
g
M ), for any
M ∈ sec∧T ∗M) we have
δ0A = ∫ δ0Lg + ∫ δ0Lm
= −∫£ALg − ∫£ALm
= −∫ d(AyLg)− ∫ d(AyLm)
:=
∫
d(⋆
g
C) (33)
where
⋆
g
C = −AyLg −AyLm +K (34)
with dK = 0.
To proceed introduce a coordinate chart with coordinates {xµ} for the region
of interest U ⊂ M . Recall that Gµ = Rµ − 12Rϑµ are the Einstein 1-form
fields17, withRµ = Rµνϑµ the Ricci 1-forms and R the curvature scalar. Einstein
equation obtained form the variation principle δ0A = 0 is Eµ := Gµ + T µ = 0,
with T µ = T µν ϑν the energy-momentum 1-form fields and moreover DµGµν =
0 = DµT
µν .
Next write explicitly the action as [19]
A = −1
2
∫
R
√
− detgdx0dx1dx2dx3 + ∫Lm√− detgdx0dx1dx2dx3. (35)
14Komar called a related quantity the generalized flux.
15V denotes a spacelike hypersurface and S = ∂V its boundary. Usualy the integral E is
calculated at a constant x0 time hypersurface and the limit is taken for S being the boundary
at infinity.
16Please do not confuse δ0 with δ
g
.
17Gµ = Gµνϑ
ν where Gµν = R
µ
ν −
1
2
δ
µ
ν are the components of the Einstein tensor. Moreover,
we write Eµ = Eµνϑ
ν .
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We have immediately
δ0A = −1
2
∫
Eµν(£Ag)µν
√
− det gdx0dx1dx2dx3
= −∫EµνDµAν√− detgdx0dx1dx2dx3
= −∫Dµ(EµνAν)√− det gdx0dx1dx2dx3
= −∫ (∂y
g
EνAν)τ g
=
∫
⋆
g
δ
g
(EνAν)
= −∫ d(⋆
g
EνAν). (36)
From Eqs.(33) and (36) we have∫
d(⋆
g
EνAν) + d(⋆
g
C) = 0, (37)
and thus
δ
g
(EνAν) + δ
g
C = 0 (38)
Thus, the current C ∈ sec∧1T ∗M is conserved if the field equations Eν = 0
are satisfied. An equation (in component form) equivalent to Eq.(38) already
appears in [18] (and also previously in [4] ) who took C = EνKν+N with δ
g
N = 0.
Here, to continue we prefer to write an identity involving only δ0Ag =∫
δ0Lg. Proceeding exactly as before we get putting G(A) = GµAµ that there
exists N ∈ sec∧1T ∗M such that
δ
g
G(A) + δ
g
N = 0. (39)
and we see that we can identify
N := −GµAµ + L (40)
where δ
g
L = 0. Now, we claim that
Proposition 6 There exists a L ∈ sec∧1T ∗M such that
N = −GµAµ + L = δ
g
dA = −JA, (41)
where JA was defined in Eq.(29).
Proof. To prove our claim we suppose from now one that
∧
T ∗M →֒ Cℓ(M, g)18.
18Cℓ(M, g) is the Clifford bundle of differential forms, see Appendix and if more details are
necessary, cosnult, e.g., [34].
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Then it is possible to write
GµAµ = RµAµ − 1
2
RA
= ∂ ∧ ∂A− 1
2
RA
= ∂ ∧ ∂A+ ∂ · ∂A− 1
2
RA− ∂ · ∂A
= ∂2A− 1
2
RA− ∂ · ∂A
= −δ
g
dA− dδ
g
A− 1
2
RA− ∂ · ∂A (42)
where ∂ ∧∂ is the Ricci operator and ∂ ·∂ =  is the D’Alembertian operator.
Then we take
− GµAµ − dδ
g
A− 1
2
RA− ∂ · ∂A = δ
g
dA (43)
and of course it is19
L = −dδ
g
A− 1
2
RA− ∂ · ∂A (44)
proving the proposition.
Now that we found a L satisfying Eq.(41) we investigate if we can give some
nontrivial physical meaning to such N = −JA ∈ sec
∧1
T ∗M .
2.4.1 Determination of the Explicit Form of JA
We recall that the extensor field T acts on A as
T (A) = T µAµ
Thus, since
GµAµ = −T (A) (45)
we have from Eq.(43)
δ
g
dA = T (A)− dδ
g
A− 1
2
RA− ∂ · ∂A. (46)
We can write Eq.(46) taking into account that R = trT = T µµ and putting
F := dA that
δF = −JA (47)
where [36]
JA = −T (A) + 1
2
trTA+ dδ
g
A+ ∂ · ∂A (48)
19Note that since δ
g
(GµAµ) = 0 it follows from Eq.(44) that indeed δ
g
L = 0.
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Eq.(48) gives the explicit form for the Komar current20. Moreover, taking into
account that δ
g
F = ⋆
g
d⋆
g
F it is
d ⋆ F = ⋆
g
−1
(
−T (A) + 1
2
trTA+ dδ
g
A+ ∂ · ∂A
)
= ⋆
g
(
−T (A) + 1
2
trTA+ dδ
g
A+ ∂ · ∂A
)
(49)
and thus taking into account Stokes theorem∫
Vd ⋆g
F =
∫
∂V ⋆g
F =
∫
V⋆g
JA
Moreover, since d⋆
g
JA = 0 we have that
0 =
∫
N
d⋆
g
JA =
∫
∂N
⋆
g
JA
and thus
∫
Σ1
⋆
g
JA (∂N = Σ1 − Σ2 + Ξ) is a conserved quantity. We arrive at
the conclusion that Taking V ⊂ Σ1 (∂V = SR) as a ball of radius R and making
R→∞ the quantity
E≡ E(A) := 1
8π
∫
SR
⋆
g
F (50)
=
1
8π
∫
V ⋆g
(
T (A)− 1
2
AtrT− dδ
g
A− ∂ · ∂A
)
(51)
is conserved.
Remark 7 It is very important to realize that quantity E defined by Eq.(50) is
an scalar invariant, i.e., its value does not depend on the particular reference
frame Z and to the (nacs| Z) (the naturally adpated coordinate chart adapted
to Z)21. But, of course, for each particular vector field A ∈ secTM (which
generates a one parameter group of diffeomorphisms) we have a different.E(A)
and the different E(A) ´s are not related as components of a covector.
Remark 8 As we already remarked an equation equivalent to Eq.(50) has al-
ready been obtained in [18] who called (as said above) that quantity the conserved
generalized energy. But according to our best knowledge Eq.(51) is new and ap-
pears for the first time in [36].
However, considering that for each A ∈ secTM that generates a one pa-
rameter group of diffeomorphisms of M we have a conserved quantity it is not
20Something that is not given in [18].
21Recall that in Relativity theory (both special and general) a reference frame is modelled by
a time like vector field Z pointing into the future. A naturally adapted coordinate chart to Z
(with coordinate functions {xµ} (denoted (nacs| Z)) is one such that the spatial components
of Z are null. More details may be found, e.g., in Chapter 6 of [34].
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in our opinion appropriate to think about this quantity as a generalized energy.
Indeed, why should the energy depends on terms like dδ
g
A and ∂ ·∂A if A is not
a dynamical field?
We know that [35] when A = K is a Killing vector field it is δ
g
A = 0 and
∂ · ∂A = −T (A) + 12 trTA and thus Eq.(51) reads
E = 1
4π
∫
N
⋆
g
(T (A)− 1
2
AtrT ) (52)
which is a well known conserved quantity22. For a Schwarzschild spacetime, as
well known, A = ∂/∂t is a timelike Killing vector field and in his case since
the components of T are T µν =
8π√− detgρ(r)v
µvν and v
ivj = 0 (since v
µ =
1√
g00
(1, 0, 0, 0)) we get E = m.
Remark 9 Note that that the conserved quantity given by Eq.(52) differs in
general from the conserved quantity obtained with the current defined in Eq.(8)
when V = K which holds in any structure (M, g, D) with the conditions given
there. However, in the particular case analyzed above Eq.(52) and Eq.(23) give
the same result.
Remark 10 Originally Komar obtained the same result as in Eq.(52) directly
from Eq.(50) supposing that the generator of the one parameter group of dif-
feomorphism was A = ∂/∂t. So, he got E = m by pure chance. If he had
picked another vector field generator of a one parameter group of diffeomor-
phisms A 6= ∂/∂t, he of course, would not obtained that result.
Remark 11 The previous remark shows clearly that the construction of Komar
currents does not to solve the energy-momentum conservation problem for a
system consisting of the matter and non gravitational fields plus the gravitational
field in GRT.
Indeed, too claim that a solution for a meaningful definition for the energy-
momentum of the total system23 exist it is necessary to find a way to define a
total conserved energy-momentum covector for the total system as it is possible
to do in field theories in Minkowski spacetime (recall Section C.3.4). This can
only be done if the spacetime structure modeling a gravitational field (generated
by the matter fields energy-momentum tensor T ) possess appropriate additional
structure, or if we interpret the gravitational field as a field in the Faraday sense
living in Minkowski spacetime. More details in [34, 37].
22An equivalent formula appears, e.g., as Eq.(11.2.10) in [48]. However, it is to be empha-
sized here the simplicity and transparency of our approach concerning traditional ones based
on classical tensor calculus.
23The total system is the system consisting of the gravitational plus matter and non gravi-
tational fields.
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2.4.2 The Maxwell Like Equation ∂F = JA Encodes Einstein Equa-
tion
From Eq.(47) where F = dA (A = g(A,)) with A ∈ secTM an arbitrary gener-
ator of a one parameter group of diffeomorphisms of M (part of the structure
(M, g, D, τg, ↑)) taking into account that dF = 0, we get the Maxwell like
equation (MLE)
∂F = JA. (53)
with a well defined conserved current. Of course, as we already said, there is an
infinity of such equations. Each one encodes Einstein equation, i.e., given the
form of JA (Eq.(48)) we can get back Eq.(42), which gives immediately Einstein
equation (EE). In this sense we can claim:
EE G = T and the MLE ∂F = JA are equivalent.
Remark 12 Finally it is worth to emphasize that the above results show that in
GRT there are infinity of conservation laws, one for each vector field generator
of a one parameter group of diffeomorphisms and so, Noether’s theorem in GRT
which follows from the supposition that the Lagrangian density is invariant under
the diffeomorphism group gives only identities, i.e., an infinite set of conserved
currents, each one encoding as we saw above Einstein equation.
It is now time to analyze the possible generalized conservation laws and
their implications for the motions of probe single-pole particles in Lorentzian
and teleparallel de Sitter spacetime structures, where these structures are not
supposed to represent models of gravitational fields in GRT and compare these
results with the ones in GRT. This will be one in the next sections.
3 The Lorentzian de Sitter MdSℓ Structure and
its Conformal Representation
Let SO(1, 4) and SO(1, 3) be respectively the special pseudo-orthogonal groups
in R1,4 = {M˚ = R5, g˚} and in R1,3 = {R4,η} where g˚ is a metric of signature
(1, 4) and η a metric of signature (1, 3). The manifold M = SO(1, 4)/SO(1, 3)
will be called the de Sitter manifold. Since
M = SO(1, 4)/SO(1, 3) ≈ R×S3 (54)
this manifold can be viewed as a brane (a submanifold) in the structure R1,4.
We now introduce a Lorentzian spacetime, i.e., the structure MdSL = (M =
R×S3, g,D, τg, ↑) which will be called Lorentzian de Sitter spacetime structure
where if ι : R×S3 → R5, g = ι∗g˚ and D is the parallel projection on M of
the pseudo Euclidian metric compatible connection in R1,4 (details in [38]). As
well known, MdSL is a spacetime of constant Riemannian curvature. It has ten
Killing vector fields. The Killing vector fields are the generators of infinitesimal
actions of the group SO(1, 4) (called the de Sitter group) in M = R×S3 ≈
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SO(1, 4)/SO(1, 3). The group SO(1, 4) acts transitively24 in SO(1, 4)/SO(1, 3),
which is thus a homogeneous space (for SO(1, 4)).
We now recall the description of the manifold R×S3 as a pseudo-sphere
(a submanifold) of radius ℓ of the pseudo Euclidean space R1,4 = {R5, g˚}. If
(X0, X1, X2, X3, X4) are the global coordinates of R1,4 then the equation rep-
resenting the pseudo sphere is
(X0)2 − (X1)2 − (X2)2 − (X3)2 − (X4)2 = −ℓ2. (55)
Introducing conformal coordinates25 {xµ} by projecting the points of R×S3
from the “north-pole” to a plane tangent to the “south pole” we see immediately
that {xµ} covers all R×S3 except the “north-pole”. We immediately find that
g = i∗g˚ = Ω2ηµνdxµ ⊗ dxν (56)
where
Xµ = Ωxµ, X4 = −ℓΩ
(
1 +
σ2
4ℓ2
)
(57)
Ω =
(
1− σ
2
4ℓ2
)−1
(58)
and
σ2 = ηµνx
µxν . (59)
Since the north pole of the pseudo sphere is not covered by the coordinate
functions we see that (omitting two dimensions) the region of the spacetime
as seem by an observer living the south pole is the region inside the so called
absolute of Cayley-Klein of equation
t2 − x2 = 4ℓ2. (60)
In Figure 1 we can see that all timelike curves (1) and (2) and lightlike (3)
starts in the “past horizon” and end on the “future horizon”.
4 On the Geodesics of the MdSL
In a classic book by Hawking and Ellis [15] we can read on page 126 the following
statement:
de Sitter spacetime is geodesically complete; however there are points
in the space which cannot be joined to each other by any geodesic.
24A group G of transformations in a manifold M (σ : G ×M → M by (g, x) 7→ σ(g, x))
is said to act transitively on M if for arbitraries x, y ∈ M there exists g ∈ G such that
σ(g, x) = y.
25Figure 1 appears also in author’s paper [39].
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Figure 1: Conformal Representation of de Sitter Spacetime. Note that the
”observer” spacetime is interior to the Caley-Klein absolute t2 − ~x2 = 4ℓ2.
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Unfortunately many people do not realize that the points that cannot be
joined by a geodesic are some points which can be joined by a spacelike curve
(living in region 3 in Figure 1). So, these curves are never the path of any
particle. A complete and thoughtful discussion of this issue is given in an old
an excellent article by Schmidt [42].
Remark 13 Having said that, let us recall that among the Killing vector fields26
of (M = R×S3, g) there are one timelike and three spacelike vector fields (which
are called the translation Killing vector fields in physical literature). So, many
people though since a long time ago that this permits the formulation of an
energy-momentum conservation law in de Sitter spacetime MdSL structure .
However, the fact is that what can really be done is the obtainment of conserved
quantities like the Pα in Eq.(26). But we cannot obtain in M
dSL structure an
energy-momentum covector like P for a given closed physical system using an
equation similar to Eq.(25). This is because de Sitter spacetime is not asymp-
totically flat and so there is no way to physically determine a point to fix the γα
to use in an equation similar to Eq.(25).
Now, the “translation” Killing vector fields of de Sitter spacetime are ex-
pressed in the coordinate basis {∂µ = ∂∂xµ } (where {xµ} are the conformal
coordinates introduced in the last section) by27:
Πα = ξ
µ
α∂µ (61)
with (putting ℓ = 1, for simplicity) are
ξµα = δ
µ
α − (
ηανx
νxµ
2
− σ
2
4
δµα). (62)
ξ0α = δ
0
α − (σ
2
4
ηανx
νx0
2 − σ
2
4 δ
0
α),
ξ1α = δ
1
α − (σ
2
4
ηανx
νx1
2 − σ
2
4 δ
1
α),
ξ2α = δ
2
α − (σ
2
4
ηανx
νx2
2 − σ
2
4 δ
2
α),
ξ3α = δ
3
α − (σ
2
4
ηανx
νx3
2 − σ
2
4 δ
3
α).
(63)
So, we want now to investigate if there is some region of de Sitter spacetime
where the “translational” Killing vector fields are linearly independent.
In order to proceed, we take an arbitrary vector field V = V µ∂µ ∈ secTU .
If the Πα are linearly independent in a region U ′ ⊂ U ⊂ R×S3 then we can
write
V = V µ∂µ = V
αΠα = V
αξµα∂µ. (64)
So, the condition for the existence of a nontrivial solution for the V α is that
det


ξ00 ξ
1
0 ξ
2
0 ξ
3
0
ξ01 ξ
1
1 ξ
2
1 ξ
3
1
ξ02 ξ
1
1
ξ21 ξ
3
1
ξ03 ξ
1
3 ξ
2
3 ξ
3
3

 6= 0 (65)
26More details in Section 5.1.
27We are using here a notation similar to the ones in [32] for compariosn of some of our
results with the ones obtained there.
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Thus, putting
χµ := (
σ2
4
(xµ)2
2
− σ
2
4
)
we need to evaluate the determinant of the matrix

1− χ0 (σ24 tx2 ) (σ
2
4
ty
2 ) (
σ2
4
tz
2 )
−(σ24 xt2 ) 1− χ1 −(σ
2
4
xy
2 ) −(σ
2
4
xz
2 )
−(σ24 yt2 ) −(σ
2
4
yx
2 ) 1− χ2 −( yzm2
4 2
)
−(σ24 zt2 ) −(σ
2
4
zx
2 ) −(σ
2
4
zy
2 ) 1− χ3

 . (66)
Then
det[ξµα] = −
1
512
σ10 − 3
32
σ6 +
1
16
σ6 + σ2 + 1− 3
128
σ8 − 1
8
σ4
+
1
1024
σ8(3t2x2y2z2 + t2y2z2 − x2y2z2 + y2z2) + 1
512
σ8(t2x2y2 + t2x2z2)
+
1
128
σ6t2x2(y2 + z2) +
1
256
σ6(t2y2z2 − x2y2z2 + 2y2z2)
+
1
64
σ4(t2x2y2z2 + y2z2 − x2y2z2) + 1
16
σ2(t2y2z2 −2 x2y2z2 − 2y2z2)
+
3
8
σ4 − 1
4
y2z2 +
1
256
σ8. (67)
In order to analyze this expression we put (without loss of generality, see the
reason in [42]) y = z = 0. In this case
det[ξµα] =
1
512
(
σ2 + 4
)3 (−σ4 + 2σ2 + 8) (68)
which is null on the Caley-Klein absolute, i.e., at the points
t2 − ~x2 = 4. (69)
and also on the spacelike hyperbolas given by
t2 − ~x2 = −2 and t2 − ~x2 = −4
So, we have proved that the translational Killing vector fields are linearly
independent in all the sub region inside the Cayley-Klein absolute except in the
points of the hyperbolas t2 − ~x2 = −2 and t2 − ~x2 = −4.
This result is very much important for the following reason. Timelike geodesics
in de Sitter spacetime structure MdSL are (as well known) the curves σ : s →
σ(s), where s is propertime along σ, that extremizes the length function [28] ,
i.e., calling σ∗ = u the velocity of a “particle” of mass m following a time like
geodesic we have that the equation of the geodesic is obtained by finding an
extreme of the action, writing here in sloop notation, as
I[σ] = −m
∫
σ
ds = −m
∫
σ
(gµνdx
µdxν)
1
2 . (70)
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As well known, the determination of an extreme for I[σ] is given by evaluating
the first variation28 of I[σ], i.e.,
δ0I[σ] = m
∫
£Y (gµνdx
µdxν)
1
2 . (71)
and putting δ0I[σ] = 0. The result, as well known is the geodesic equation
Duu = 0. (72)
Now, taking into account that the Killing vector fields determines a basis
inside the Cayley-Klein absolute we write
u = uµ∂µ = U
αΠα = U
αξµα∂µ. (73)
We now define the “hybrid” connection coefficients29 Γβ···µα by:
D∂µΠα := Γ
β··
·µαΠβ , D∂µΠ
α := −Γα···µβΠβ (74)
and write the geodesic equation as
Duu = u
µD∂µ(U
αΠα)
= (uµ∂µU
α)Πα + u
µUαD∂µΠα
= (uµ∂µU
β)Πβ + u
µUαΓβ···µαΠβ
= (
dUβ
ds
+ uµUαΓβ···µα)Πβ = 0. (75)
or
dUβ
ds
+ uµUαΓβ···µα = 0, (76)
which on multiplying by the “mass” m and calling πβ = mUβ and πρ = gρβπ
β
can be written equivalently as
dπρ
ds
− Γβ···µρuµπβ = 0, (77)
which looks like Eq.(37) in [32].
We want now to investigate the question: is Eq.(77) the same as Eq.(37) in
[32]?
To know the answer to the above question recall that in [32] authors investi-
gate the variation of I[σ] under a variation of the curves σ(s) 7→ σ(s, ℓ) induced
by a coordinate transformation xµ 7→ x′µ + δΠxµ where they put
δΠx
µ = ξµρ(x)δx
ρ (78)
28In Eq.(71) Y is the deformation vector field determining the curves σ(s, l) necessary to
calculate the first variation of I[σ].
29Take notice that Γβ···µα 6= Γ
β··
·µα where D∂µ∂α = Γ
β··
·µα∂β , for otherwsise confusion will arise.
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with ξµρ(x) being the components of the Killing vector fields Πα (recall Eq.(62))
and where it is said that δxρ is an ordinary variation. However in [32] we cannot
find what authors mean by ordinary variation, and so δxρ is not defined.
So, to continue our analysis we recall, that if the δxρ = εα are constants (but
arbitrary) then δΠx
µ corresponds to a diffeomorphism generated by a Killing
vector field Π = εαΠα. However, if the δx
ρ = λρ(x) are infinitesimal ar-
bitrary functions (i.e., |λρ(x)| << 1), then the notation δΠxµ is misleading
since ξµρλ
ρ(x) is the δ0I[σ] variation generated by a quite arbitrary vector field
Y = λρ(x)ξµρ (x)∂µ = λ
ρ(x)Πρ = Y
µ∂µ. In this case we get from δ
0I[σ] = 0
the geodesic equation.
4.1 Curves Obtained From Constrained Variations.
So, let us study the constrained variation when the δxρ = εα are constants (but
arbitrary). We denote the constrained variation by δcI[σ]. In this case starting
from Eq.(70)
δcI[σ] = −m
∫
σ
{uγ(Dγuβ)ξβρ}δxρds (79)
where (taking account of notations already introduced) it is
uγDeγ (uβe
β) = uγ(Dγuβ)e
β ,
Dγuβ = ∂γuβ − Γτ ···γβuτ ,
Deγ eβ = Γ
τ ··
·γβeτ , Deγe
β = −Γβ···γτeτ , (80)
we can write
δcI[σ] = −m
∫
{uγ(Dγuβ)ξβρ}δxρds
= −m
∫
{uγ{(Dγ(uβξρβ))}δxρds+ m
2
∫
{uγuβ(Dγξβρ +Dβξγρ }δxρds
= −m
∫
{uγ(Dγ(u·Πρ))}δxρds = −m
∫
[uγDγ(Uρ)}δxρds. (81)
and δcI[σ] = 0 implies
uγDγ(mUρ) = 0. (82)
Eq.(82) with πρ = mUρ can be written as
d
ds
πρ − uγπβΓβ···γρ = 0 (83)
which is Eq.(37) in [32]. Note that this equations looks like the geodesic equa-
tion written as Eq.(77) above, but it is in fact different since of course, recalling
Eq.(74) it is Γβ···γρ 6= Γβ···γρ. In [32] πρ = mUρ is unfortunately wrongly inter-
preted as the components of a covector field over σ supposed to be the energy-
momentum covector of the particle, because authors of [32] supposed to have
proved that this equation could be derived from Papapetrou’s method, what is
not the case as we show in Section 6.
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5 Generalized Energy-Momentum Conservation
Laws in de Sitter Spacetime Structures
5.1 Lie Algebra of the de Sitter Group
Given a structure (M˚ ≃ R5, g˚, ) introduced in Section 3 define JAB ∈ secTM˚
by
JAB := ηACX
C ∂
∂XB
− ηBCXC ∂
∂XA
. (84)
These objects are generators of the Lie algebra so(1, 4) of the de Sitter group.
Using the bases {∂µ}, {dxµ} introduced above the ten Killing vector fields
of de Sitter spacetime are the fields Jα4 ∈ secTM and Jµν ∈ secTM and it is30
Jα4 = ηαCX
C ∂
∂X4
− η4CXC ∂
∂Xα
= ℓP α − 1
4ℓ
K4α (85)
= ℓ∂α − 1
4ℓ
(2ηαλx
λxν − σ2δνα)∂ν .
Jµν = ηµκX
κ ∂
∂Xν
− ηνκXκ ∂
∂Xµ
= ηµλx
λP ν − ηνλxλP µ. (86)
The Jα4 ∈ secTM and Jµν ∈ secTM satisfy the Lie algebra so(1, 4) of the de
Sitter group, this time acting as a transformation group acting transitively in
de Sitter spacetime. We have
[Jα4,Jβ4] = Jαβ ,
[Jαβ ,Jλ4] = ηλβJα4 − ηλαJβ4,
[Jαβ ,Jλτ ] = ηαλJβτ + ηβτJαλ − ηβλJατ − ηατJβλ. (87)
It is usual in physical applications to define
Πα = Jα4/ℓ (88)
for then we have
[Πα,Πβ ] =
1
ℓ2
Jαβ ,
[Jαβ ,Πλ] = ηλβΠα − ηλαΠβ ,
[Jαβ ,Jλτ ] = ηαλJβτ + ηβτJαλ − ηβλJατ − ηατJβλ. (89)
The Killing vector fields Jαβ satisfy the Lie algebra so(1, 3) (of the special
Lorentz group).
Remark 14 From Eq.(89) we see that when ℓ 7→ ∞ the Lie algebra of so(1, 4)
goes into the Lie algebra of the Poincare´ group P which is the semi-direct sum
of the group of translations in R4 plus component of the special Lorentz group,
30Proofs of Eqs.(85) and (86) are in Appendix F. Of course, in those equations, it is Pα = eα
(as introduced is Section 2).
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i.e., P = (R4 ⊞ SO(1, 3)). This is eventually the justification for physicists to
call the Πα the “translation” generators of the de Sitter group.
However, it is necessary to have in mind that whereas the translation sub-
group R4 of P acts transitively in Minkowski spacetime manifold, the set {Πα}
does not close in a subalgebra of the de Sitter algebra and thus it is impossi-
ble in general to find exp(λαΠα) such that given arbitrary x, y ∈ R×S3 it is
y = exp(λαΠα)x. Only the whole group SO(1, 4) acts transitively on R×S3.
Casimir Invariants Now, if {EA = dXA} is an orthonormal basis for the
structure R1,4 = (R5, g˚) define the angular momentum operator as the Clifford
algebra valued operator
J =
1
2
EA ∧EBJAB. (90)
Taking into account the results of Appendix A its (Clifford) square is
J2 = JyJ+ J ∧ J = −J · J+ J ∧ J. (91)
It is immediate to verify that J2 is invariant under the transformations of the
de Sitter group. JyJ is (a constant appart) the first invariant Casimir operator
of the de Sitter group. The second invariant Casimir operator of the de Sitter
is related to J ∧ J. Indeed, defining
W := ⋆
g˚
1
8ℓ
(J ∧ J) = 1
8ℓ
(J ∧ J)yτ˚g . (92)
one can easily show (details in [39]) that
W ·W =WW =W2 = − 1
64ℓ2
(J ∧ J)y(J ∧ J) = − 1
64ℓ2
(J ∧ J) · (J ∧ J)
= − 1
64ℓ2
(J ∧ J)(J ∧ J). (93)
is indeed an invariant operator.
As well known, the representations of the de Sitter group are classified by
their Casimir invariants I1 and I2 which here following [14] we take as
I1 = −JyJ = 1
2ℓ2
JABJ
AB = ηαβΠαΠβ +
1
2ℓ2
ηαληβτJαβJλτ =M
2,
I2 =W
2 =WAWA = η
αβV αV β +
1
ℓ2
(W 4)
2, (94)
where M ∈ R and the fields WA and V α are defined by:
WA :=
1
8ℓ
εABCDEJ
ABJDE
V α := −1
2
ε4αλµνη
λρΠρJ
µν , (95)
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from where it follows that
W 4 =
1
8
ε4µνρτJ
µνJµν . (96)
In the limit when ℓ 7→ ∞ we get the Casimir operators of the special Lorentz
group
I1 7→ P αP α = m2,
I2 7→ ηαβV αV β = m2s(s+ 1) (97)
where m ∈ R and s = 0, 1/2, 1, 3/2, ...
We see that Πα looks like the components of an energy-momentum vector
P = Pαϑ
α|o of a closed physical system (see Eq.(25)) in the Minkowski space-
time of Special Relativity, for which P 2 = m2, with m the mass of the system.
However, take into account that whereas the Pα are simple real numbers, the
Πα are vector fields.
Moreover, take into account that ηαβΠαΠβ is not an invariant, i.e., it does
not commute with the generators of the Lie algebra of the de Sitter group.
5.2 Generalized Energy-Momentum Covector for a Closed
System in the Teleparallel de Sitter Spacetime Struc-
ture
In this section we suppose that (M = R×S3, g, τg , ↑) is the physical arena where
Physics take place.
We know that (M = R×S3, g) has ten Killing vector fields and four of them
(one timelike and three spacelike, Πα, α = 0, 1, 2, 3 ) generated “translations”.
Thus if we suppose that (M = R×S3, g, τg, ↑) is populated by interacting matter
fields {φ1,..., φn} with dynamics described by a Lagrangian formalism we can
construct as described in the Appendix C.1 the conserved currents
JΠα = J βα γβ = J µαϑµ (98)
were taking into account that δ0Πα = −£Πα and denoting by δΠα each particular
local variation generated by Πα (recall Eq.(61)) we have
δΠαφA = δ
0
Πα
φA + δx
ν∂νφA (99)
and thus we write
J µα = πµAδΠαφA +Υµνδ0Παxµ
= Λµνξ
ν
α +Υ
µ
νξ
ν
α (100)
where
Λµνξ
ν
α := π
µ
AδΠαφA. (101)
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In Eq.(98) {γβ} is the dual basis of the orthonormal basis {eα} defined by31
eα :=
Πα
g(Πα,Πα)
. (102)
From the conserved currents JΠα we can obtain four conserved quantities (the
Pα in Eq.(26)).
Remark 15 It is crucial to observe that the above results have been deduced
without introduction of any connection in the structure (M = R×S3, g,τg , ↑).
However that structure is not enough for using the Pα to build a (generalized)
covector analogous to the energy-momentum covector P (see Eq.(25)) of special
relativistic theories.
If we add D, the Levi-Civita connection of g to (M = R×S3, g,τg , ↑) we get
the Lorentzian de Sitter spacetime structure MdSP and defining a generalized
energy-momentum tensor
Θ = JΠα ⊗ eα ∈ secT 11M (103)
we know that δ
g
JΠα = 0 implies D ·Θ = 0, a covariant “conservation” law.
However, the introduction of MdSP in our game is of no help to construct a
covector like P since in MdSP vectors at different spacetime points cannot be
directly compared..
So, the question arises: is it possible to define a structure where ∀x, y ∈
R×S3 we can define objects P dSα such that
P dS = P
dS
α γ
α|x = P dSα γα|y (104)
defines a legitimate covector for a closed physical system living in a de Sitter
structure (M = R×S3, g,τg , ↑) and for which P dS can be said to be a kind of
generalization of the momentum of the closed system in Minkowski spacetime?
We show now the answer is positive. We recall that D has been introduced
in our developments only as a useful mathematical device and is quite irrel-
evant in the construction of legitimate conservation laws since the conserved
currents JΠα have been obtained without the use of any connection. So, we
now introduce for our goal a teleparallel de Sitter spacetime, i.e., the structure
MdSTP = (M = R×S3,∇, τg , ↑) where ∇ is a metric compatible teleparallel
connection defined by
∇eαeβ = ω
κ··
·αβeκ = 0. (105)
Under this condition we know that we can identify all tangent and all cotangent
spaces. So, we have for ∀x, y ∈ R×S3,
eα|x ≃ eα|y and γα|x ≃ γα|y = Eα,
31Recall that the fields eα are only defined in subset {S3−north pole}.
26
where {Eα} is a basis of a vector space V ≃R4.
Thus, in the structure MdSTP Eq.(104) defines indeed a legitimate covector
in V ≃R4 and thus permits a legitimate generalization of the concepts of energy-
momentum covector obtained for physical theories in Minkowski spacetime. The
term generalization is a good one here because in the limit where ℓ → ∞,
Πα 7→ ∂/∂xα, Λκα = 0 and thus Θκα = Υκα.
5.3 The Conserved Currents JΠα = g(Πα, )
To proceed we show that the translational Killing vector fields of the de Sitter
structure (M, g) determines trivially conserved currents
JΠα = g(Πα, )
Indeed using theMdSTP structure as a convenient device we recall the result
proved in [35] that for each vector Killing K the one form field K = g(K, ) is
such that δ
g
K = 0. So, it is
δ
g
JΠα = 0. (106)
and of course, also
δ
g
JΠ = 0 (107)
where
JΠ := g(Π, ), Π := ε
αΠα (108)
with the εα real constants such that |εα| << 1. Recalling from Eq.(86) that
in projective conformal coordinate bases ({eµ = ∂µ} and {ϑµ = dxµ}) the
components of Πα are
ξµα = δ
µ
α −
1
4ℓ2
(2ηαρx
ρxµ − σ2δµα) (109)
we get the conserved current JΠ is
JΠ = ε
αJΠα = ε
αξµαϑµ. (110)
Remark 16 Take notice that of course, this current is not the conserved current
that we found in the previous section.
Remark 17 Take notice also that in [32] authors trying to generalize the re-
sults that follows from the canonical formalism for the case of field theories
in Minkowski spacetime suppose that they can eliminate the term πµAδφA from
Eq.(100) by decree postulating a “new kind of “local variation”, call it δ′ for
which δ′φA = 0. The fact is that such a “new kind of local variation” never
appears in the canonical Lagrangian formalism, only δφA appears and in general
it is not zero.
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Now, the generalized canonical de Sitter energy-momentum tensor is
Θ = JΠα ⊗ eα = Θκαϑκ ⊗ eα ∈ sec
∧1
T ∗M ⊗ TM (111)
and making analogy with the case of Minkowski spacetime where the Υκα have
been defined as the components of the canonical energy-momentum tensor32 Υ,
we write Θκα, as
Θκα = Υ
κ
α −
1
4ℓ2
Kκα + Λ
κ
α, (112)
Thus each one of the genuine conservation laws d ⋆
g
JΠα = 0, α = 0, 1, 2, 3 read
in coordinate basis components
(∂µΥ
κ
α − Γλ···λνΥκα)−
1
4ℓ2
(∂µK
µ
α − Γλ···λνKκα)− (∂µΛκα − Γλ···λνΛκα)
=
1√− det g∂µ(
√
− det gΥµα)−
1
4ℓ2
1√− det g∂µ(
√
− detgKµα) (113)
+
1√− det g∂µ(
√
− detgΛµα) = 0
or
∂µ
[√
− detg
(
Υµα −
1
4ℓ2
Kµα + Λ
µ
α
)]
= 0⇔DµΘµα = 0. (114)
Remark 18 Now, recalling the relation of the connection coefficients of the
bases {eα} of the Levi-Civita connection D of g (denoted Γκ···αβ) and the coeffi-
cients of the basis {eα} of the teleparallel connection ∇ of g (denoted Γ¯κ···αβ) are
[34]
Γ¯κ···αβ = Γ
κ··
·αβ +△κ···αβ (115)
where
△κ···αβ := −
1
2
(
T·κ·α·β +T
·κ·
β·α − Tκ···αβ
)
(116)
are the components of the contorsion tensor and Tκ···αβ are the components of the
torsion tensor of the connection ∇, we can write D•Θ = 0 (taking into account
that Γ¯κ···αβ = 0) in components relative to orthonormal basis as
DαΘ
α
β := (DeαΘ)
α
β = eα(Θ
α
β) +△ααιΘιβ −△ιαβΘαι = 0.
On the other hand since ∇αΘαβ := (∇eαΘ)αβ = eα(Θαβ) we have
∇αΘαβ = −△ααιΘιβ +△ιαβΘαι , (117)
which means that although (∇•Θ)αβ := ∇αΘαβ 6= 0 we can generate the conserved
currents JΠα in the teleparallel de Sitter spacetime structure if Eq.(117) is
satisfied.
Remark 19 To end this section and for completeness of the article it is nec-
essary to mention that in a remarkable paper ([9]) the gravitational energy-
momentum tensor in teleparallel gravity is discused in details. Also related
papers are ([10, 24]). A complete list of references can be found in ([1])
32The explict form of the Kκα can be determined withouth difficulty if needed.
28
6 Equation of Motion for a Single-Pole Mass in
a GRT Lorentzian Spacetime
In a classical paper Papapetrou derived the equations of motion of single pole
and spinning particles in GRT. Here we recall his derivation for the case of a
single pole-mass. We start recalling that in GRT the matter fields is described
by a energy-mometum tensor that satisfies the covariant conservation law D •
T = 0. If we introduce the relative tensor
T =T ⊗ τ g ∈ secT 11M ⊗
∧4
T ∗M (118)
we have recalling Appendix E and that D • T = 0 that
DνT
µν + Γµ···ναT
αν = 0. (119)
From Eq.(119) we have
∂ν(x
αTµν) = Tµα − xαΓµ···ναTαν . (120)
To continue we suppose that a single-pole mass (considered as a probe particle)
is modelled by the restriction of the energy-mometum tensor T inside a “narrow”
tube in the Lorentzian spacetime representing a given gravitational field. Let us
call T 0 that restriction and notice that D • T 0 = 0. Inside the tube a timelike
line γ is chosen to represent the particle motion. We restrict our analysis to
hyperbolic Lorentzian spacetimes for which a foliation R×S (S a 3-dimensional
manifold) exists. We choose a parametrization for γ such that the its coordinates
are xµ(γ(t)) = Xµ(t) where t = x0. The probe particle is characterized by taking
the coordinates of any point in the world tube to satisfy
δxµ = xµ −Xµ << 1. (121)
According to Papapetrou a single-pole particle is one for which the integral33∫
Tµνo dv 6= 0, (122)
and all other integrals∫
δxαTµνo dv,
∫
δxαδxβTµνo dv, ... (123)
are null. We now evaluate
d
dt
∫
Tµ0o = −
∫
Γµ···ναT
αν
o dv (124)
and
d
dt
∫
xαTµ0o =
∫
Tµαo dv −
∫
xαΓµ···ναT
αν
o dv. (125)
33The integration is to be evaluated at a t = const spaceline hypersurface S.
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Inside the world tube modelling the particle we can expand the connection
coefficients as
Γµ···να = oΓ
µ··
·να + oΓ
µ··
·να,κδx
κ (126)
with oΓ
µ··
·να the components of the connection in the worldline γ. Then according
to the definition of a single-pole particle we get from Eq.(124) and Eq.(125) along
γ:
d
dt
∫
Tµ0o + oΓ
µ··
·να
∫
Tανo = 0, (127)∫
Tµαo =
dXµ
dt
∫
Tν0o dv. (128)
Now, put
γ∗ = u :=
dXµ
ds
eµ (129)
where ds is proper time along γ and define
Mµα = u0
∫
Tµαo dv. (130)
Eq.(127) and Eq.(128) become
d
ds
(
Mµ0
u0
)
+ oΓ
µ··
·ναM
αν = 0 (131)
and
Mµα = uµ
Mα0
u0
. (132)
So, Mµ0 = uµM
00
u0 from where it follows that putting
m :=
M00
(u0)2
(133)
it is
Mµα = uµ
Mα0
u0
= muµuα (134)
and we get
d
ds
(muµ) + oΓ
µ··
·ναmu
νuα = 0. (135)
Now, the acceleration of the probe particle is a := Duu and thus g(a, u) =
0, i.e.,
uµ
d
ds
uµ + oΓ
µ··
·ναmu
νuαuµ = 0. (136)
Multiplying Eq.(135) by uµ and using Eq.(136) gives
d
ds
m = 0 (137)
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and then Eq.(135) says that γ is a geodesic of the Lorentzian spacetime struc-
ture, i.e.,
Dγ∗γ∗ = 0 (138)
or
duµ
ds
+ oΓ
µ··
·ναmu
νuα = 0.
7 Equation of Motion for a Single-Pole Mass in
a de Sitter Lorentzian Spacetime
In this section we suppose that the arena where physical events take place is the
de Sitter spacetime structureMdSℓ where fields live and interact, without never
changing the metric g, which we emphasize do not represent any gravitational
field here, i.e., we do not suppose here that MdSℓ is a model of a gravitational
field in GRT. As we learned in Section 4 since de Sitter spacetime has one
timelike and three spacelike Killing vector fields Πα we can construct the con-
served currents JΠα = Θµαϑµ (see Eq.(98)) from where we get D •Θ = 0 with
Θ = JΠα ⊗ eα = Θκαϑκ ⊗ eα.
Now, if we suppose that a probe free single-pole particle (i.e., one for which
its interaction with the remaining fields can be despised) is described by a
covariant conserved tensor Θ in a narrow tube like the one introduced in the
previous section, we can derive (using analog notations for γ, etc...) an equation
like Eq.(127), i.e.,
d
dt
∫
Θµ0o
√
− det godv + oΓµ···να
∫
Θανo
√
− det godv = 0. (139)
Now, we obtain an equation analogous to Eq.(131) with Mαν substituted by
Nαν i.e.,
d
ds
(
Nµ0
u0
)
+ oΓ
µ··
·ναN
αν = 0 (140)
with
Nαν := u0
∫
Θµαo
√
− det godv. (141)
Putting this time
m :=
N00
(u0)2
(142)
we get Nµα = uµN
α0
u0 = mu
µuα and
d
ds
(muµ) + oΓ
µ··
·ναmu
νuα = 0, (143)
from where we get exactly as in the previous section that m = const and
Dγ∗γ∗ = 0.
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Conclusion 20 Papapetrou method applied to the MdSℓ structure gives for the
motion of a free single pole particle the geodesic equation Dγ∗γ∗ = 0. Moreover,
Eq.(143) is of course, different from Eq.(83) contrary to conclusions of authors
of [32]. It is also to be noted here that in [32] authors inferred correctly that
Papapetrou method leads to an equation that looks like to Eq.(139) for a single-
pole particle moving in theMdSℓ structure. The equation that looks like Eq.(139)
in [32] is the Eq.(37) there, but where in the place of Θανo they used Υ
αν
o −
1
4ℓ2Υ
αν
o , because they believe to be possible to use a local variation of the fields
that results in Λµν = 0.
A Clifford Bundle Formalism
Let (M, g, D, τg, ↑) be an arbitrary Lorentzian or Riemann-Cartan spacetime
structure. The quadruple (M, g, τg , ↑) denotes a four-dimensional time-oriented
and space-oriented Lorentzian manifold [34, 43]. This means that g ∈ secT 02M
is a Lorentzian metric of signature (1, 3), τg ∈ sec
∧
4T ∗M and ↑ is a time-
orientation (see details, e.g., in [43]). Here, T ∗M [TM ] is the cotangent [tan-
gent] bundle. T ∗M = ∪x∈MT ∗xM , TM = ∪x∈MTxM , and TxM ≃ T ∗xM ≃ R1,3,
where R1,3 is the Minkowski vector space34. D is a metric compatible connec-
tion, i.e., Dg = 0. When D = D is the Levi-Civita connection of g , RD 6= 0,
and ΘD = 0, RD and ΘD being respectively the curvature and torsion ten-
sors of the connection. D = ∇ is is a Riemann-Cartan connection , R∇ 6= 0,
and Θ∇ 6= 0 35 Let g ∈ secT 20M be the metric of the cotangent bundle. The
Clifford bundle of differential forms Cℓ(M, g) is the bundle of algebras, i.e.,
Cℓ(M, g) = ∪x∈MCℓ(T ∗xM, g), where ∀x ∈ M , Cℓ(T ∗xM, g) = R1,3, the so called
spacetime algebra [34]. Recall also that Cℓ(M, g) is a vector bundle associated to
the orthonormal frame bundle, i.e., we have36 Cℓ(M, g) = PSOe
(1,3)
(M)×Ad′ R1,3
[21, 25]. Also, when (M, g) is a spin manifold we can show that37 Cℓ(M, g)
= PSpine
(1,3)
(M)×AdR1,3 For any x ∈M , Cℓ(T ∗xM, g|x) as a linear space over the
real field R is isomorphic to the Cartan algebra
∧
T ∗xM of the cotangent space.
We have that
∧ ∗
xM = ⊕4k=0
∧k
T ∗xM , where
∧k
T ∗xM is the
(
4
k
)
-dimensional
space of k-forms. Then, sections of Cℓ(M, g) can be represented as a sum of non
homogeneous differential forms, that will be called Clifford (multiform) fields.
In the Clifford bundle formalism, of course, arbitrary basis can be used, but
in this short review of the main ideas of the Clifford calculus we use mainly
orthonormal basis. Let then {eα} be an orthonormal basis for TU ⊂ TM , i.e.,
34Not to be confused with Minkowski spacetime [34, 43].
35Minkowski spacetime is the particular case of a Lorentzian spacetime structure for which
M ≃ R4. and the curvature and torsion tensors of the Levi-Civita connection of Minkowski
metric are null. a teleparallel spacetime is a particualr Riemann-Cartan spacetime such that
R
D = 0, and ΘD 6= 0.
36Ad: Spine
1,3 → Aut(R1,3) by Adux = uxu
−1.
37Take notice that Ad : Spine
1,3 → Aut(R1,3) such that for any C ∈R1,3 it is AduC =uCu
−1.
Since Ad−1 = Ad1 = identity, Ad descends to a representation of SOe1,3 that we denoted by
Ad′.
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g(eα, eβ) = ηαβ = diag(1,−1,−1,−1). Let γα ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g)
(α = 0, 1, 2, 3) be such that the set {γα} is the dual basis of {eα}. Also, {γα}
is the reciprocal basis of {γα}, i.e., g(γα,γβ) = δαβ and {eα} is the reciprocal
basis of {eα}, i.e., g(eα, eβ) = δαβ .
A.1 Clifford Product
The fundamental Clifford product (in what follows to be denoted by juxtaposi-
tion of symbols) is generated by
γαγβ + γβγα = 2ηαβ (144)
and if C ∈ sec Cℓ(M, g) we have
C = s+ vαγα + 1
2!
fαβγ
αγβ +
1
3!
tαβγγ
αγβγγ + pγ5 , (145)
where τg = γ
5 = γ0γ1γ2γ3 is the volume element and s, vα, fβ , tαβγ , p ∈
sec
∧0
T ∗M →֒ sec Cℓ(M, g).
For Ar ∈ sec
∧r
T ∗M →֒ sec Cℓ(M, g), Bs ∈ sec
∧s
T ∗M →֒ sec Cℓ(M, g) we
define the exterior product in Cℓ(M, g) (∀r, s = 0, 1, 2, 3) by
Ar ∧Bs = 〈ArBs〉r+s, (146)
where 〈 〉k is the component in
∧k
T ∗M of the Clifford field. Of course,
Ar ∧Bs = (−1)rsBs ∧ Ar, and the exterior product is extended by linearity to
all sections of Cℓ(M, g).
Let Ar ∈ sec
∧r
T ∗M →֒ sec Cℓ(M, g), Bs ∈ sec
∧s
T ∗M →֒ sec Cℓ(M, g).
We define a scalar product in Cℓ(M, g) (denoted by ·) as follows:
(i) For a, b ∈ sec∧1 T ∗M →֒ sec Cℓ(M, g),
a · b = 1
2
(ab+ ba) = g(a, b). (147)
(ii) For Ar = a1 ∧ · · · ∧ ar, Br = b1 ∧ · · · . ∧ br, ai, bj ∈ sec
∧1
T ∗M →֒
sec Cℓ(M, g), i, j = 1, ..., r,
Ar · Br = (a1 ∧ · · · ∧ ar) · (b1 ∧ · · · ∧ br)
=
∣∣∣∣∣∣
a1 · b1 .... a1 · br
.......... .... ..........
ar · b1 .... ar · br
∣∣∣∣∣∣ . (148)
We agree that if r = s = 0, the scalar product is simply the ordinary product
in the real field.
Also, if r 6= s, then Ar · Bs = 0. Finally, the scalar product is extended by
linearity for all sections of Cℓ(M, g).
33
For r ≤ s, Ar = a1∧· · ·∧ar, Bs = b1∧· · ·∧bs , we define the left contraction
y : (Ar , Bs) 7→ Ary
g
Bs by
Ary
g
Bs =
∑
i1 <...<ir
ǫi1...is(a1 ∧ · · · ∧ ar) · (bi1 ∧ ... ∧ bir )∼bir+1 ∧ · · · ∧ bis (149)
where ∼ is the reverse mapping (reversion) defined by ˜ : sec Cℓ(M, g) →
sec Cℓ(M, g). For any X =
⊕4
p=0
Xp, Xp ∈ sec
∧p
T ∗M →֒ sec Cℓ(M, g),
X˜ =
4∑
p=0
X˜p =
4∑
p=0
(−1) 12 k(k−1)Xp. (150)
We agree that for α, β ∈ sec∧0 T ∗M the contraction is the ordinary (pointwise)
product in the real field and that if α ∈ sec∧0 T ∗M , Xr ∈ sec∧r T ∗M,Ys ∈
sec
∧s
T ∗M →֒ sec Cℓ(M, g) then (αXr)yBs = Xry(αYs). Left contraction
is extended by linearity to all pairs of sections of Cℓ(M, g), i.e., for X,Y ∈
sec Cℓ(M, g)
Xy
g
Y =
∑
r,s
〈X〉ry
g
〈Y 〉s, r ≤ s. (151)
It is also necessary to introduce the operator of right contraction denoted by
x
g
. The definition is obtained from the one presenting the left contraction with
the imposition that r ≥ s and taking into account that now if Ar ∈ sec
∧r T ∗M,
Bs ∈ sec
∧s
T ∗M then Arx
g
(αBs) = (αAr)x
g
Bs. See also the third formula in
Eq.(152).
The main formulas used in this paper can be obtained from the following
ones
aBs = ayBs + a ∧ Bs, Bsa = Bsx
g
a+ Bs ∧ a,
ay
g
Bs = 1
2
(aBs − (−1)sBsa),
Ary
g
Bs = (−1)r(s−r)Bsx
g
Ar,
a ∧ Bs = 1
2
(aBs + (−1)sBsa),
ArBs = 〈ArBs〉|r−s| + 〈ArBs〉|r−s|+2 + ...+ 〈ArBs〉|r+s|
=
m∑
k=0
〈ArBs〉|r−s|+2k
Ar · Br = Br · Ar = A˜ry
g
Br = Arx
g
B˜r = 〈A˜rBr〉0 = 〈ArB˜r〉0. (152)
Two other important identities used in the main text are:
34
ay
g
(X ∧ Y) = (ay
g
X ) ∧ Y + Xˆ ∧ (ay
g
Y), (153)
Xy
g
(Yy
g
Z) = (X ∧ Y)y
g
Z, (154)
for any a ∈ sec
∧1
T ∗M →֒ Cℓ(M, g) and X ,Y,Z ∈ sec
∧
T ∗M →֒ Cℓ(M, g).
A.1.1 Hodge Star Operator
Let ⋆
g
be the Hodge star operator, i.e., the mapping ⋆
g
:
∧k
T ∗M →
∧4−k
T ∗M,
Ak 7→ ⋆
g
Ak. For Ak ∈ sec
∧k
T ∗M →֒ sec Cℓ(M, g) we have
[Bk ·Ak]τg = Bk ∧ ⋆
g
Ak, ∀Bk ∈ sec
∧k
T ∗M →֒ sec Cℓ(M, g). (155)
where τg = θ
5 ∈ sec∧4 T ∗M →֒ sec Cℓ(M, g) is a standard volume element. We
have,
⋆
g
Ak = A˜kτg = A˜ky
g
τg. (156)
where as noted before, in this paper A˜k denotes the reverse of Ak. Eq.(156)
permits calculation of Hodge duals very easily in an orthonormal basis for which
τg = γ
5. Let {ϑα} be the dual basis of {eα} (i.e., it is a basis for T ∗U ≡
∧1
T ∗U)
which is either an orthonormal or a coordinate basis. Then writing g(ϑα, ϑβ) =
gαβ, with gαβgαρ = δ
β
ρ , and ϑ
µ1...µp = ϑµ1∧· · ·∧ϑµp , ϑνp+1...νn = ϑνp+1∧· · ·∧ϑνn
we have from Eq.(156)
⋆
g
ϑµ1...µp =
1
(n− p)!
√
|det g|gµ1ν1 · · · gµpνpǫν1...νnϑνp+1...νn . (157)
where det g denotes the determinant of the matrix with entries gαβ = g(eα, eβ),
i.e., det g = det[gαβ ].We also define the inverse ⋆
g
−1 of the Hodge dual operator,
such that ⋆
g
−1⋆
g
= ⋆
g
⋆
g
−1 = 1. It is given by:
⋆
g
−1 : sec
∧r
T ∗M → sec
∧n−r
T ∗M,
⋆
g
−1Ar = (−1)r(n−r)sgndet g ⋆
g
Ar, (158)
where sgn det g = det g/| det g| denotes the sign of the determinant of g.
Some useful identities (used in the text) involving the Hodge star operator,
the exterior product and contractions are:
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Ar ∧ ⋆
g
Bs = Bs ∧ ⋆
g
Ar; r = s
Ar · ⋆
g
Bs = Bs · ⋆
g
Ar; r + s = n
Ar ∧ ⋆
g
Bs = (−1)r(s−1) ⋆
g
(A˜ry
g
Bs); r ≤ s
Ary
g
⋆
g
Bs = (−1)rs ⋆
g
(A˜r ∧Bs); r + s ≤ n
⋆
g
τg = sign g; ⋆
g
1 = τg.
(159)
A.1.2 Dirac Operator Associated to a Levi-Civita Connection D
Let d and δ be respectively the differential and Hodge codifferential operators
acting on sections of Cℓ(M, g). If Ap ∈ sec
∧p T ∗M →֒ sec Cℓ(M, g), then δ
g
Ap =
(−1)p ⋆
g
−1 d ⋆
g
Ap.
The Dirac operator acting on sections of Cℓ(M, g) associated with the metric
compatible connection D is the invariant first order differential operator
∂ = ϑαDeα , (160)
where {eα} is an arbitrary (coordinate or orthonormal) basis for TU ⊂ TM
and {ϑα} is a basis for T ∗U ⊂ T ∗M dual to the basis {eα}, i.e., ϑβ(eα) = δαβ ,
α, β = 0, 1, 2, 3. The reciprocal basis of {ϑα} is denoted {ϑα} and we have
ϑα · ϑβ = gαβ. Also, when {eα = ∂α} and {ϑα = dxα} we have
D∂α∂β = Γ
ε··
·αβ∂β, D∂αdx
β = −Γβ···αεdxε (161)
and when {eα = eα}, {ϑα = γα} are orthonormal basis we have
Deαeβ = ω
λ··
·αβeλ ,Deαγ
β = −ωβ···αλγλ (162)
We define the connection38 1-forms in the gauge defined by {γα} as
ωα··β := ω
α··
·λβγ
λ. (163)
Moreover, we write for an arbitrary tensor field Y = Y µ1...µrν1...νs ϑ
ν1 ⊗ ... ⊗ ϑνs ⊗
∂µ1 ⊗ ...⊗ ∂µr in a coordinate basis
DeαY := (DαY
µ1...µr
ν1...νs )ϑ
ν1 ⊗ ...⊗ ϑνs ⊗ ∂µ1 ⊗ ...⊗ ∂µr (164)
and also when we write Y = Y µ1...µrν1...νs γ
ν1⊗ ...⊗γνs⊗eµ1 ⊗ ...⊗eµr we also write
DeαY := (DαY
µ1...µr
ν1...νs )γ
ν1 ⊗ ...⊗ γνs ⊗ eµ1 ⊗ ...⊗ eµr (165)
so please pay attention when reading a particular formula to certificate the
meaning of DαY
µ1...µr
ν1...νs , i.e., if we are using in that formula coordinate or or-
thonormal frames.
38Also called “spin connection 1-forms”.
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We have also the important results (see, e.g., [34]) for the Dirac operator
associated with the Levi-Civita connection D acting on the sections of the
Clifford bundle39
∂Ap = ∂ ∧ Ap + ∂yAp = dAp − δ
g
Ap, (166a)
∂ ∧ Ap = dAp, ∂y
g
Ap = −δ
g
Ap. (166b)
We shall need the following identity valid for any a, b ∈ sec∧1 T ∗M →֒ Cℓ(M, g),
∂(a · b) = (a·∂)b + (b · ∂)a+ ay(∂∧b) + by(∂∧a). (167)
A.2 Covariant D’ Alembertian, Hodge D’Alembertian and
Ricci Operators
The square of the Dirac operator ♦ = ∂2 is called Hodge D’Alembertian and
we have the following noticeable formulas:
∂2 = −dδ
g
− δ
g
d, (168)
and
∂2Ap = ∂·∂ Ap + ∂∧∂ Ap (169)
where ∂·∂ is called the covariant D’Alembertian and ∂∧∂ is called the Ricci
operator40 If Ap =
1
p!Aµ1...µpϑ
µ1 ∧ · · · ∧ ϑµp , we have
∂·∂ Ap = gαβ(D∂αD∂β − Γρ···αβD∂ρ)Ap =
1
p!
gαβDαDβAα1...αpϑ
α1 ∧ · · · ∧ ϑαp ,
(170)
Also for ∂∧∂ in an arbitrary basis (coordinate or orthonormal)
∂∧∂ Ap = 1
2
ϑα ∧ ϑβ([Deα ,Deβ ]− (Γρ···αβ − Γρ···βα)Deρ)Ap. (171)
In particular we have [34]
∂∧∂ ϑµ = Rµ, (172)
where Rµ = Rµνϑν ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) are the Ricci 1-form fields,
such that if Rµ····νσµ are the components of the Riemann tensor we use the con-
vention that Rνσ = R
µ···
·νσµ are the components of the Ricci tensor.
39For a general metric compatible Riemann-Cartan connection the formula in Eq.(166b) is
not valid, we have a more general relation involving the torsion tensor that will not be used
in this paper. The interested reader may consult [34].
40For more details concerning the square of Dirac (and spin-Dirac operators) on a general
Riemann-Cartan spacetime, see [26].
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Applying this operator to the 1-forms of the a 1-form of the basis {ϑµ}, we
get:
∂ ∧ ∂ ϑµ = −1
2
Rµ····ραβ(ϑ
α ∧ ϑβ)ϑρ = Rµρϑρ. (173)
∂ ∧ ∂ is an extensor operator, i.e., for A ∈ sec∧1 T ∗M →֒ sec Cℓ(M, g) it is
∂ ∧ ∂ A = Aµ∂ ∧ ∂ϑµ. (174)
Remark 21 We remark that covariant Dirac spinor fields used in almost all
Physics texts books and research papers can be represented as certain equiva-
lence classes of even sections of the Clifford bundle Cℓ(M, g). These objects are
now called Dirac-Hestenes spinor fields (DHSF ) and a thoughtful theory de-
scribing them can be found in [33, 25, 34]. Moreover, in [20] using the concept
of DHSF a new approach is given to the concept of Lie derivative for spinor
fields, which does not seems to have the objections of previous approaches to the
subject. Of course, a meaningful definition of Lie derivative for spinor fields is
a necessary condition for a formulation of conservation laws involving bosons
and fermion fields in interaction in arbitrary manifolds. We will present the
complete Lagrangian density involving the gravitation field (interpreted as fields
in the Faraday sense and described by cotetrad fields), the electromagnetic and
the DHSF living in a parallelizable manifold and its variation in another pub-
lication.
B Lie Derivatives and Variations
In modern field theory the physical fields are tensor and spinor fields living on
a structure (M, g, τg , ↑) and interacting among themselves. Note that at this
point we did not introduce any connection in our game, since according to our
view (see, e.g., Chapter 11 of [34]) the introduction of a particular connection
to describe Physics is only a question of convenience. For the objective of this
paper we shall consider two structures (already introduced in the main text),
a Lorentzian spacetime MdSℓ = (M, g,D, τg , ↑) where D is the Levi-Civita
connection of g and a teleparallel spacetime MdSTP = (M, g,∇, τg, ↑) where ∇
is a metric compatible teleparallel connection. Minkowski spacetime structure
will be denoted by (M,η,D, τη, ↑). The equations of motion are derived from
a variational principle once a given Lagrangian density is postulated for the
interacting fields of the theory.
As well known, diffeomorphism invariance is a crucial ingredient of any phys-
ical theory. This means that if a physical phenomenon is described by fields,
say, φ1, ...., φn (defined in U ⊂M) satisfying equations of motion of the theory
(with appropriated initial and boundary conditions) then if h :M 7→M is a dif-
feomorphism then the fields h∗φ1, ...., h∗φN (where, h∗ is the pullback mapping)
describe the same physical phenomenon41 in hU .
41Of course, the fields h∗φ1, ....,h∗φN must satisfy deformed initial conditions and deformed
boundary conditions.
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Suppose that fields φ1, ....,(in what follows called simply matter fields
42) are
arbitrary differential forms. Their Lagrangian density will here be defined as
the functional mapping43
Lm : (φ1, ..., φN , dφ1, ...., dφN ) 7→ Lm(φ, dφ) ∈ sec
∧4
TM (175)
where Lm(φ, dφ) is here supposed to be constructed using the Hodge star oper-
ator ⋆
g
. The action of the system is
A =
∫
U
Lm(φ, dφ). (176)
Choose a chart of M covering U and hU with coordinate functions {xµ}.
Then under an infinitesimal mapping hε : M 7→M , x 7→ x′ = hε(x) generated
by a one parameter group of diffeomorphisms associated to the vector field
ξ ∈ secTM we have (with hµε the coordinate representative of the mapping hε)
xµ = xµ(x) 7→ x′µ = xµ(hε(x)) = hµε (xα) = xµ + εξµ, |ε| << 1 (177)
In Physics textbooks given an infinitesimal diffeormorphism hε several different
kinds of variations (for each one of the fields φi) are defined.
Let φ be one of the fields φ1, ..., φN and recall that the Lie derivative of φ in
the direction of the vector field ξ is given by
£ξφ = lim
ε→0
h∗ε ◦ φ ◦ hε − φ
ε
(178)
As an example, take φ as 1-form. Then, in the chart introduced above using
the definition of the pullback
h∗εφµ (x
κ) := [h∗ε(φ(hε(x)))]µ (179)
it is
h∗εφ (x) = h
∗
εφµ(x
κ)dxµ := φκ(x
′κ(xκ))
∂x′κ
∂xµ
dxµ. (180)
Then, Eq.(178) can be written in components as
(£ξφ(x
κ))µ = limε→0
h∗εφµ (x
κ)− φµ(xκ)
ε
(181)
Now, to first order in ε we have
∂x′κ
∂xµ
= δκµ + ε∂µξ
κ (182)
and
φκ(x
′κ(xk)) = φκ(xκ + εξκ) = φκ(xκ) + εξα∂αφκ(xκ) (183)
42In truth, by matter fields we understand fields of two kinds, fermion fields (electrons,
neutrinos, quarks) and boson fields (electromagnetic, gravitational, weak and strong fields).
43A rigorous formulation needs the introduction of jet bundles (see, e.g., [12]). We will not
need such sophistication for the goals of this paper.
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So,
h∗εφµ (x
κ) = φκ(x
′κ(xκ))
∂x′κ
∂xµ
= (φκ(x
κ) + εξα∂αφκ(x
κ)) (δκµ + ε∂µξ
κ)
= φµ(x
κ) + ε∂µξ
κφκ(x
κ) + εξα∂αφµ(x
κ) (184)
Then,
(£ξφ(x
κ))µ = ∂µξ
κφκ(x
κ) + ξα∂αφµ(x
κ) (185)
Now, we define following Physics textbooks the horizontal variation44 by
δ0φ := −£ξφ. (186)
This definition (with the negative sign) is used by physicists because they
usually work only with the components of the fields and diffeomorphism in-
variance is interpreted as invariance under choice of coordinates. Then, they
interpret Eq.(177) as a coordinate transformation between two charts whose
intersection of domains cover the regions U and hU of interest with coordinate
functions {xµ} and {x′µ} such that
x′µ := xµ ◦ hε (187)
and then
x′µ(x) = xµ + εξµ (188)
The field φ at x ∈ U ⊂M has the representations
φ(x) = φ′µ(x
′ι)dx′µ = φκ(xι)dxκ
and in first order in ε it is
φ′µ(x
′ι) =
∂xκ
∂x′µ
φκ(x
ι) (189)
= φµ(x
ι)− ε∂µξκφκ(xι)
and on the other hand since
φ′µ(x
′ι) = φ′µ(x
ι + εξι) = φ′µ(x
ι) + εξκ∂κφ
′
µ(x
ι). (190)
we have in first order in ε that
φ′µ(x
ι) = φµ(x
ι)− ε∂µξκφκ(xι)− εξκ∂κφµ(xι). (191)
from where we get
δ0φµ(x) = lim
ε→0
φ′µ(x
κ)− φµ(xκ)
ε
= − (£ξφ(xκ))µ . (192)
44In [34] the horizontal variation is denoted by δh, where a vertical variation denoted by
δv (associated with gauge transformations) is also introduced. Moreover, let us recall that δ0
has been usely extensively after a famous paper by L. Rosenfeld [41], but appears also for the
best of our knowledge in Section 23 of Pauli’s book [30] on Relativity theory.
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Remark 22 The above calculating can be done in a while recalling Cartan’s
‘magical’ formula, which with ξ := g(ξ, ) reads:
£ξφ = ξydφ+ d(ξyφ) (193)
In components we have
(ξydφ)α = ξ
µ∂µφα − ξµ∂αφµ,
(d(ξyφ))α = ∂αξ
µφµ + ξ
µ∂αφµ (194)
from where the substituting these results in Eq.(193), Eq.(185) follows immedi-
ately.
Remark 23 If we have chosen the coordinate functions {xµ} and {x′µ} related
by45
x′µ := xµ ◦ h−1ε (195)
we would get that δ0φµ(x) = (£ξφ(x
κ))µ.
Remark 24 Take into account for applications that for any C ∈ sec∧T ∗M
d£ξC = £ξdC (196)
Now, physicists introduce another two variations δa and δ defined by
δaφµ(x) := lim
ε→0
φµ(x
′κ)− φµ(xκ)
ε
= ξι∂ιφµ(x
κ) (197)
and
δφµ(x) := lim
ε→0
φ′µ(x
′κ)− φµ(xκ)
ε
called, e.g., in [40] local variation46. We have
(δφ(x))µ = limε→0
φ′µ(x
κ) + εξι∂ιφµ(x
κ)− φµ(xκ)
ε
=
(
δ0φ(xκ)
)
µ
+ ξι∂ιφµ(x
κ)
= −∂µξιφι(xκ)− ξα∂αφµ(xκ) + ξι∂ιφµ(xκ) = −∂µξιφι(xκ) (198)
Remark 25 In what follows we shall use the above terminology for the various
variations introduced above for an arbitrary tensor field. The definition of the
Lie derivative of spinor fields is is still a subject of recent researh with many
conflicting views. In [20] we present a novel geoemtrical aprroach to this subject
using the theory of Clifford and spin-Clifford bundles which seems to lead to a
consistent results.
45As, e.g., in [46].
46Some authors call δφµ(x) the total variation, but we think that this is not an appropriate
name.
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Remark 26 Defining
δ0A := −
∫
U
£ξLm(φ, dφ), (199)
we have returning to Eq.(176) that Stokes theorem permit us to write
δ0A = −
∫
U
£ξLm(φ, dφ)
= −
∫
U
d(ξyLm(φ, dφ)) −
∫
U
ξydLm(φ, dφ)
= −
∫
∂U
ξyLm(φ, dφ). (200)
C The Generalized Energy-Momentum Current
in (M, g, τg, ↑)
C.1 The Case of a General Lorentzian Spacetime Struc-
ture
In this subsection (M, g, τg , ↑) is an arbitrary oriented and time oriented Lorentzian
manifold (M, g) which will be supposed to be the arena where physical phe-
nomena takes place. We choose coordinate charts (U1, χ1) and (U2, χ2) with
coordinate functions {xµ} and {x′µ} covering U1 ∩U2 = U . We call χ1(U) = U ,
χ2(U) = U ′. We take U such that ∂U = Σ2 − Σ1 + Ξ , i.e., U is bounded
from above and below by spacelike surfaces Σ1 and Σ2 such that σ1 = χ1(Σ1)
and σ2 = χ1(Σ2) and moreover we suppose that set of the N matter fields in
interaction denoted
φ = {φA}, A = 1, 2, ..., N (201)
living in U satisfy in Ξ (a timelike boundary)
φA|Ξ = 0. (202)
In what follows the action functional for the fields is written
A =
∫
U
Lm(φµ, ∂µφ)d
4x =
∫
U
Lm(φµ, ∂µφ)
√
− det gd4x (203)
Under a coordinate transformation corresponding to a diffeomorphism generated
by a one parameter group of diffeomorphisms,
xµ 7→ x′µ = xµ + εξµ = xµ + εξ [xµ]
= xµ −£εξxµ = xµ + δxµ (204)
we already know that the fields suffers the variation
φ 7→ φ′ = φ+ δ0φ. (205)
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We have in first order in ε and recalling that δ0 and ∂µ commutes that
δ0A =
∫
U
Lm(φ
′
µ, ∂µφ
′)d4x′ −
∫
U
Lm(φµ, ∂µφ)d
4x
=
∫
U
(
∂Lm
∂φA
δ0φA +
∂Lm
∂∂µφA
∂µδ
0φA + Lm
∂δxµ
∂xµ
)
d4x
=
∫
U
(
∂Lm
∂φA
− ∂µ ∂Lm
∂∂µφA
)
δ0φA + ∂µ
(
∂Lm
∂∂µφA
δ0φA + Lmδx
µ
)
d4x (206)
Putting
J µ := ∂Lm
∂∂µφA
δ0φA + Lmδx
µ (207)
the second term in Eq.(206) can be written using Gauss theorem as∫
U
∂µ
(
∂Lm
∂∂µφA
δ0φA + Lmδx
µ
)
d4x =
∫
σ2
Jµdσµ −
∫
σ1
Jµdσµ (208)
Recalling the concept of local variation introduced above we have
δφA = δ
0φA + δx
ν∂νφA (209)
Putting
πµA =
∂Lm
∂∂µφA
(210)
we call
πA := π
µ
A∂µ (211)
the canonical momentum canonically conjugated to the field φA. Moreover,
putting
Υµν := π
µ
A∂νφA − δµνLm (212)
we call
Υ := Υµνdx
ν ⊗ ∂µ (213)
the canonical energy-momentum tensor of the closed physical system described
by the fields.
Now, we can write Eq.(207) as
J µ := πµAδφA −Υµνδxν . (214)
Moreover, defining
F (σ) :=
∫
σ
(πµAδφA −Υµνδxν) dσµ (215)
we can rewrite Eq.(206)
δ0A =
∫
U
(
∂Lm
∂φA
− ∂µ ∂Lm
∂∂µφA
)
δ0φAd
4x+ F (σ2)− F (σ1) (216)
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Now, the action principle establishes that δ0A = 0 and then we must have
∂Lm
∂φA
− ∂µ ∂Lm
∂∂µφA
= 0, (217)
which are the Euler-Lagrange equations satisfied by each one of the fields φA
and also
F (σ2)− F (σ1) = 0 (218)
Now, if τg is the volume element, taking into account that we took Σ2−Σ1+Ξ =
∂U where Ξ is a timelike surface such that J |
Ξ
= 0 and introducing the current
J := Jµdxµ = gµνJ νdxµ ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, g) (219)
we can rewrite Eq.(218) using Stokes theorem as∫
σ2
J µdσµ −
∫
σ1
J µdσµ =
∫
∂U
⋆
g
J =
∫
U
d ⋆
g
J . (220)
C.2 IntroducingD and the Covariant “Conservation” Law
for Υ
If we addD, the Levi-Civita connection of g to (M,g, τg , ↑) we get a Lorentzian
spacetime structure (M, g,D, τg, ↑). Then recalling from Appendix A the defi-
nitions of the Hodge coderivative and of the Dirac operator we can write:∫
U
d ⋆ J =
∫
U
⋆
g
⋆
g
−1 d ⋆
g
J
= −
∫
U
(
δ
g
J
)
τg
=
∫
U
∂yJ τg
=
∫
U
DµJ µ τg (221)
and we arrive at the conclusion that δ0A = 0 implies that
d ⋆
g
J =0 ⇔ Dµ J µ = 0 ⇔ 1√− detg ∂µ(
√
− detgJ µ) = 0. (222)
Remark 27 Recalling the definition of the canonical energy-momentum tensor
Υ (Eq.(213)) gives a covariant “conservation” law for Υ, i.e.,
D •Υ = 0 (223)
only if the term πµAδφA in the current J
µ is null. This, of course, happens if
the local variation of the fields δφA = 0, something that cannot happens in an
arbitrary structure (M, g, τg , ↑). So, we need to investigate when this occurs.
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Remark 28 We observe here that comparison of Eq.(216) with Eq.(200) per-
mit us to write∫
∂U
⋆
g
J =
∫
U
d ⋆
g
J = −
∫
∂U
ξyL(φ, dφ) = −
∫
U
d(ξyL(φ, dφ)). (224)
C.3 The Case of Minkowski Spacetime
C.3.1 The Canonical Energy-Momentum Tensor in Minkowski Space-
time
We now, apply the results of the last section to the case where the fields live
in Minkowski spacetime (M,η,D, τη , ↑). In this case we can introduce global
coordinates {xµ} in Einstein-Lorentz-Poincare´ gauge (see Section 2.3).
We now construct the conserved current associated to the diffeomorphisms
generated by the vector fields eµ = ∂/∂x
µ which are Killing vector fields on
(M,η). Consider then the Killing vector field
ξ := εµeµ (225)
where εµ ∈ R are constants such that |εµ| << 1 and the coordinate transfor-
mation
xµ 7→ x′µ = xµ +£ξxµ = xµ + εµ. (226)
Recalling the definitions of πA, the momentum canonically conjugated to the
field φA (Eq.(211)) and of the Υ (Eq.(213)) and recalling that in the present
case it is δφA = 0 we have that the conserved Noether current is:
J µ = −ενΥµν . (227)
and the canonical energy-momentum tensor of the physical system described by
the fields φA is conserved, i.e.,
∂µΥ
µ
ν = 0. (228)
Remark 29 Of course, if we introduce an arbitrary coordinate system {xµ}
covering an open set U of the Minkowski spacetime manifold M ≃ R4 Eq.(228)
reads
D •Υ = 0⇔ DµΥµν = 0. (229)
C.3.2 The Energy-Momentum 1-Form Fields in Minkowski Space-
time
Recall that the objects
Υµ := (πµA∂νφA − δµν ℓ)dxν = Υµνdxν ∈ sec
∧1
T ∗M →֒ sec Cℓ(M, η) (230)
are conserved currents. They may be called the generalized energy momentum
1-form fields of the physical system described by the fields φA. We have
δ
η
Υµ = 0⇔ d ⋆
η
Υµ = 0. (231)
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C.3.3 The Belinfante Energy-Momentum Tensor in Minkowski Space-
time
It happens that given an arbitrary field theory the canonical energy-momentum
tensor is in general not symmetric, i.e.,
Υµν 6= Υνµ. (232)
But, of course, if Υµ is conserved, so it is
T µ := Υµ +̥µ (233)
where
̥
µ := δ
η
Ψµ (234)
with each one of the Ψµ ∈ sec∧2 T ∗M →֒ sec Cℓ(M, g). So, it is always possible
for any field theory to find47 a condition on the Ψµ such that the components
T µν of T µ = T µν dxν satisfy the symmetry condition.
T µν = T νµ. (235)
When this is the case T = T µν dx
ν ⊗ ∂µ will be called the Belinfante energy-
momentum tensor of the system.
C.3.4 The Energy-Momentum Covector in Minkowski Spacetime
Since Minkowski spacetime is parallelizable we can identify all tangent and
cotangent spaces and thus define a covector in a vector space V ≃R4. Fixing
(global) coordinates in Einstein-Lorentz-Poincare´ gauge {xµ} a vector vx ∈
TxM can be identified by a pair [27] (x,v) where (x,v) ∈ R4 × R4 and x =
(x0, x1, x2, x3). If two vectors vx ∈ TxM , vy ∈ TyM are such that
vx = (x,v),vy = (y,v), (236)
i.e., they have the same vector part we will say that they can be identified
as a a vector of some vector space V≃R4. With these considerations we write
∀x, y ∈M ≃ R4
∂
∂xµ
∣∣∣∣
x
≈ ∂
∂xµ
∣∣∣∣
y
= Eµ and dx
µ|x ≈ dxµ|y = Eµ (237)
47For example, in [19] the condition is fixed in such a way that the orbital angu-
lar momentum tensor of the system defined as M = 1
2
Mµν dxµ|o ∧ dx
ν |o (with M
µν =∫
(xµT νκ − xνTµκ)dσκ) be automatically conserved. However take into account that since
the fields possess in general intrinsic spin an angular momentum conservation law can only
be formulated by taking into account the orbital and spin angular momenta. It can be shown
(see Chapter 8 of [34] that the antisymmetric part of the canonical energy-momentum tensor
is the source of the spin tensor of the field. In [3] it is shown how to obtain a conserved
symmetrical energy-momentum tensor by studying the conservation laws that come from a
general Poincare´ variation, which involves translations and general Lorentz transformations.
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where {Eµ} is a basis of V and {Eµ} is a basis of a V ≃R4. Then we can write
(with o ∈ M an arbitrary point, taken in general, for convenience as origin of
the coordinate system)
P = PµE
µ = Pµ dx
µ|0 :=
(∫
⋆
η
Tµ
)
dxµ|0 (238)
as the energy-momentum covector of the closed physical system described by
the fields φA.
Remark 30 Note that under a global (constant) Lorentz transformation ∂/∂xµ 7→
∂/∂x′µ = Λνµ∂/∂x
νwe have that ⋆
η
Tµ 7→ ⋆
η
T ′µ = ⋆
η
TνΛνµ and it results Pµ 7→ P ′µ =
PνΛ
ν
µ, i.e., the Pµ are indeed the components of a covector under any global
(constant) Lorentz transformation.
D The Energy-Momentum Tensor of Matter in
GRT
The result of the previous section shows that in a general Lorentzian spacetime
structure the canonical Lagrangian formalism does not give a covariant “con-
served” energy-mometum tensor unless the local variations of the matter fields
δφA are null. So, inGRT the matter energy momentum tensor T = T
µ
ν dx
ν⊗ ∂∂xµ
that enters Einstein equation is symmetric (i.e., T µν = T νµ) and it is obtained
in the following way. We start with the matter action
Am =
∫
U
Lm(φµ, ∂µφ)
√
− detgd4x (239)
Remark 31 Consider as above, a diffeomorphism x 7→ x′ = hε(x) generated
by a one parameter group associated to a vector field ξ = ξµ∂µ (such that com-
ponents |ξµ|<<1 and the ξµ → 0 at Ξ) and a corresponding coordinate trans-
formation
xµ 7→ x′µ = xµ + εξµ (240)
with |ε| << 1 and study the variation of Am induced the variation of the (grav-
itational) field g (without changing the fields φA) induced by the coordinate
transformation of Eq.(240). We have immediately that
gµν (xκ) 7→ g′µν (x′κ) = gµν (xκ) + εgµι(xκ)∂ιξν + εgνι(xκ)∂ιξµ. (241)
To first order in ε it is
g′µν (xκ) = gµν (xκ) + εgµι(xκ)∂ιξν + εgνι(xκ)∂ιξµ − εξι∂ιgµν (242)
and
δ0gµν = −£ξgµν = Dνξµ +Dµξν and δ0gµν = −£ξgµν = −Dνξµ −Dµξν .
(243)
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Then, under the above conditions, using Gauss theorem and supposing that δ0gµν
vanishes at Ξ it is
δ0Am :=
∫
U
{
∂Lm
√− det g
∂gµν
δ0gµν +
∂Lm
√− detg
∂∂ιgµν
δ0 (∂ιgµν )
}
d4x
=
∫
U
{
∂Lm
√− det g
∂gµν
δ0gµν +
∂Lm
√− detg
∂∂ιgµν
∂ιδ
0gµν
}
d4x
=
∫
U
{
∂Lm
√− det g
∂gµν
− ∂
∂xι
(
∂Lm
√− detg
∂∂ιgµν
)}
δ0gµνd4x
=:
1
2
∫
U
Tµνδ
0gµν
√
− detgd4x = −1
2
∫
U
T µνδ0gµν
√
− detgd4x. (244)
with
1
2
√
− detgTµν := ∂Lm
√− det g
∂gµν
− ∂
∂xι
(
∂Lm
√− det g
∂∂ιgµν
)
(245)
Since Tµν = Tνµ we can write
δ0Am = 1
2
∫
U
Tµνδ
0gµν
√
− detgd4x
=
1
2
∫
U
T µν(Dνξµ +Dµξν)
√
− det gd4x
=
∫
U
T µνDνξµ
√
− det gd4x
=
∫
U
Dν(T
ν
µ ξ
µµ)
√
− det gd4x−
∫
U
(DνT
ν
µ )ξ
µ
√
− detgd4x
=
∫
U
∂ν(
√
− det gT νµ ξµµ)d4x−
∫
U
(DνT
ν
µ )ξ
µ
√
− det gd4x
= −
∫
U
(DνT
ν
µ )ξ
µ
√
− detgd4x (246)
Remark 32 Contrary to what is stated in many textbooks in GRT we cannot
conclude with the ingredients introduced in this section that δ0Am = 0.
However, if we take into account that in GRT the total action describing
the mater fields and the gravitational field is
A =∫Lg + ∫Lm = −1
2
∫
Rτ g +
∫Lm
we get from the variation δ0A induced by the variation of the (gravitational)
field g (without changing the fields φA) and induced by the coordinate transfor-
mation given by Eq.(240) the Einstein field equation G = −T which reads in
components as
Gµν = R
µ
ν −
1
2
Rδµν = −T µν . (247)
Since it is D •G = 0 it follows that in GRT we have
D • T = 0. (248)
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Remark 33 It is opportune to recall that as observed, e.g., by Weinberg [47]
that for the case of Minkowski spacetime the symmetric energy-momentum ten-
sor obtained by the above method is always equal to a convenient symmetrization
of the canonical energy-momentum tensor. But it is necessary to have in mind
that the GRT procedure eliminates a legitimate conserved current J introduc-
ing a covariant “conserved” energy-momentum tensor that does not give any
legitimate energy-momentum conserved current for the matter fields, except for
the particular Lorentzian spacetimes containing appropriate Killing vector fields.
And even in this case no energy-momentum covector as it exists in special rel-
ativistic theories can be defined. Moreover, at this point we cannot forget the
existence of the quantum structure of matter fields which experimentally says
the Minkowskian concept of energy and momentum (in general quantized) being
carried by field excitations that one calls particles. This strongly suggests that
parodying (again) Sachs and Wu [43] it is really a shame to loose the special
relativistic conservations laws in GRT.
E Relative Tensors and their Covariant Deriva-
tives
Now, recall that given arbitrary coordinates {xα} covering U ⊂ M and {x′α}
covering covering V ⊂ M (U ∩ V 6= ∅) a relative tensor A of type (r, s) and
weight48 w is a section of the bundle49 T pqM ⊗ (
∧4
T ∗M)⊗w.
We have
A = Aµ1...µrν1...νs (x
α)∂µ1 ⊗ · · · ⊗ ∂µr ⊗ dxν1 ⊗ · · · ⊗ dxνs ⊗ (τ)⊗w ,
with τ := dx0 ∧ · · · ∧ dx3. The set of functions
Aµ1...µrν1...νs (x
α) =
(√
− detg
)w
Aµ1...µrν1...νs (x
α)
is said to be the components of the relative tensor field A ∈ sec(T rsM⊗(
∧4
T ∗M)w)
and under a coordinate transformation xα 7→ x′β with Jacobian J = det
(
∂x′α
∂xβ
)
these functions transform as [23, 45]
A′λ1...λrκ1...κs (x
′β) = Jw
∂x′λ1
∂xµ1
· · · ∂x
′λ1
∂xµ1
∂xν1
∂xκ1
...
∂xνs
∂xκs
Aµ1...µrν1...νs (x
α). (249)
On a manifoldM equipped with a metric tensor field g we can write Aµ1...µrν1...νs (x
α) =(√− det g)w Aµ1...µrν1...νs (xα) where the Aµ1...µrν1...νs (xα) are the components of a tensor
field A ∈ secT rsM .
The covariant derivative of a relative tensor field relative to a given arbitrary
connection ∇ defined on M such that ∇ ∂
∂xν
dxµ = −ℓµ···ναdxα is given (as the
reader may easily find) by
∇∂κA := (∇κAµ1...µrν1...νs )∂µ1 ⊗ · · · ⊗ ∂µr ⊗ dxν1 ⊗ · · · ⊗ dxνs ⊗ (τ)⊗w , (250)
48The number w is an integer. Of course, if w = 0 we are back to tensor fields.
49The notation (
∧
4T ∗M)⊗w means the w-fold tensor product of
∧
4T ∗M with itself.
49
where
∇κAµ1...µrν1...νs =
∂
∂xκ
Aµ1...µrν1...νs + ℓ
µp···ικ Aµ1...µp−1ιµp+1...µrν1....................νs
− ℓι···νqκAµ1....................µrν1...νq−1ινq+1...νs − wℓσ···κσAµ1...µrν1...νs . (251)
In particular for the Levi-Civita connection D of g we have for the relative
tensor
τg =
√
− detg ⊗ dx0 ∧ · · · ∧ dx3 (252)
that:
Dα
(√
− detg
)
= ∂γ
(√
det g
)
− Γρ···γρ
√
det g = 0,
Dα
(
1√− det g
)
= ∂γ
(
1√− detg
)
+ Γρ···γρ
1√− det g = 0. (253)
F Explicit Formulas for Jµν and Jµ4 in Terms of
Projective Conformal Coordinates
We have taking into account Eqs.(57), (58) and (59) the following identities
∂Xκ
∂xα
=
Ω2
2ℓ2
xαx
κ +Ωδκα,
∂X4
∂xα
= −Ω
2
ℓ
xα, X
µ = Ωxµ.
where xµ := ηµνx
ν and Xµ := η˚µνX
ν . We want to prove that:
(a) Jµν = ηµβx
β ∂
∂xν
− ηνβxβ ∂
∂xµ
= η˚µβX
β ∂
∂Xν
− η˚νβXβ ∂
∂Xµ
, (254)
(b) Jµ4 = ℓ
∂
∂xµ
− 1
4ℓ
(
2ηµνx
νxλ − σ2δλµ
) ∂
∂xλ
= −X4 ∂
∂Xµ
+Xµ
∂
∂X4
.
(255)
Proof of (a):
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Jµν = ηµβx
β ∂X
κ
∂xν
∂
∂Xκ
+ ηµβx
β ∂X
4
∂xν
∂
∂X4
− ηνβxβ ∂X
κ
∂xµ
∂
∂Xκ
− ηνβxβ ∂X
4
∂xµ
∂
∂X4
= xµ
∂Xκ
∂xν
∂
∂Xκ
− xν ∂X
κ
∂xµ
∂
∂Xκ
+ xµ
∂X4
∂xν
∂
∂X4
− xν ∂X
4
∂xµ
∂
∂X4
= xµ
(
−Ω
2
2ℓ2
xνx
κ +Ωδκν
)
∂
∂Xκ
− xν
(
− Ω
2
2ℓ2
xµx
κ +Ωδκµ
)
∂
∂Xκ
+
(
Ω2
ℓ
xνxµ − Ω
2
ℓ
xµxν
)
∂
∂X4
= Xµ
∂
∂Xν
−Xν ∂
∂Xµ
− Ω
2
2ℓ2
xνxµx
κ ∂
∂Xκ
+
Ω2
2ℓ2
xνxµx
κ ∂
∂Xκ
= Xµ
∂
∂Xν
−Xν ∂
∂Xµ
= η˚µβX
β ∂
∂Xν
− η˚νβXβ ∂
∂Xµ
.
Proof of (b):
Jµ4 = ℓ
∂
∂xµ
− 1
4ℓ
(
2ηµνx
νxλ − σ2δλµ
) ∂
∂xλ
= ℓ
∂
∂xµ
+
1
4ℓ
σ2
∂
∂xµ
− 1
4ℓ
2ηµνx
νxλ
∂
∂xλ
= − 1
Ω
X4
∂
∂xµ
− 1
2ℓ
ηµνx
νxλ
∂
∂xλ
= − 1
Ω
X4
(
Ω2
2ℓ2
xµx
κ +Ωδκµ
)
∂
∂Xκ
− 1
Ω
X4
∂X4
∂xµ
∂
∂X4
− 1
2ℓ
xµx
λ
(
Ω2
2ℓ2
xλx
κ +Ωδκλ
)
∂
∂Xκ
− 1
2ℓ
ηµνx
νxλ
∂X4
∂xλ
∂
∂X4
= −X4 ∂
∂Xµ
− Ω
2ℓ2
X4xµx
κ ∂
∂Xκ
− 1
2ℓ
xµx
λΩ
∂
∂Xλ
− 1
4ℓ3
Ω2σ2xµx
κ ∂
∂Xλ
+X4Ωxµ
∂
∂X4
+
1
2ℓ2
xµΩ
2xλ
∂X4
∂xλ
∂
∂X4
= −X4 ∂
∂Xµ
+
{
X4Ω +
1
2ℓ2
Ω2σ2
}
xµ
∂
∂X4
−
{
1
ℓ
X4 + 1 +
1
2ℓ2
Ωσ2
}
1
2ℓ
Ωxµx
λ ∂
∂Xλ
= −X4 ∂
∂Xµ
+Xµ
∂
∂X4
−
{
−
(
1 +
σ2
4ℓ2
)
+
1
Ω
+
1
2ℓ2
σ2
}
1
2ℓ
Ω2xµx
λ ∂
∂Xλ
= −X4 ∂
∂Xµ
+Xµ
∂
∂X4
−
{
−1 + 1
4ℓ2
σ2 + 1− 1
4ℓ2
σ2
}
1
2ℓ
Ω2xµx
λ ∂
∂Xλ
= −X4 ∂
∂Xµ
+Xµ
∂
∂X4
.
where we used that:
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{
X4Ω
1
ℓ
+
1
2ℓ2
Ω2σ2
}
xµ
∂
∂X4
=
{
−
(
1 +
1
4ℓ2
σ2
)
+
2
4ℓ2
σ2
}
Ω2xµ
∂
∂X4{
−
(
1 +
1
4ℓ2
σ2
)
+
2
4ℓ2
σ2
}
Ω2xµ
∂
∂X4
= − 1
Ω
Ω2xµ
∂
∂X4
= −Xµ ∂
∂X4
.
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